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Chapter 1

Characteristics and the Cauchy Problem

1.1 First-order equations and characteristic curves

Consider the first-order equation
a(x,t)dru +b(x, t)du = f(x,t). (1.1)

On a region where a # 0, division by a gives
- - - b ~ f
dru +b(x,t)dyu = f(x,t), b= = f= - (1.2)

For notational simplicity, we now rename b and fas band f.

Let t — x(t) be a curve in the (x, f)-plane. Along this curve, the chain rule gives

%u(x(t), t) = dru(x(t), t) + x(t) dxre(x(t), t). (1.3)
If x(t) solves
x(t) = b(x(t),t), (1.4)
then (1.2) becomes the ordinary differential equation
au(x(t),t) = f(x(t),t). (1.5)
The curves determined by (1.4) are the characteristics. The PDE transports the value of u along
these curves.

The initial curve must cross the characteristic direction. If the initial information is prescribed
along one characteristic, the construction does not spread that information to a two-dimensional
neighborhood, so the method does not determine a local solution there.
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characteristic

Figure 1.1: Initial data must be transverse to the characteristic direction.

1.1.1 A quasilinear equation in two variables

Consider
a(x,y)dxu +b(x,y)dyu = f(x,y,u).
Parametrize a curve by s +— (x(s), y(s)). Along the curve,
d . )
Eu(x(s), y(s)) = x(s) dxu + y(s) dyu.
Set z(s) = u(x(s), y(s)). The characteristic system is

x=a(x,y),
y=0bx,y),
z=f(x,y,2).

(1.6)

(1.7)

(1.8)

Thus z records the value of the solution along each characteristic, and the first-order PDE becomes

a system of ODEs.

characteristics

initial data

Figure 1.2: A transversal initial curve launches a family of characteristics.

1.1.2 Multi-index notation and several variables

Write
x=(x',x%,...,x™) eR", diu = d,iu.
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We use the Einstein summation convention: a repeated index is summed. For example,

m
a'oju = Zalaiu.
i=1
For a multi-index a = (a1, ..., ay) € N, write

X% = (xl)oq . (xm)aml 0%y = 8311 . 83{"1/!.

Now consider the first-order quasilinear equation
a'(x,u)diu = f(x,u), (1.9)
where a = (al,...,a™). Let s — y(s) be a characteristic and put z(s) = u(y(s)). Since

2(s) = y'(s) diu(y(s)),

the characteristic system is

y(0) = x9, z(0) = zo. (1.10)

yi :ai(y,z), i=1,...,m,
z=f(y,2),

This is an initial-value problem for an ODE in m + 1 unknowns.

If 2 and f are locally Lipschitz in the relevant variables, this ODE system has a unique local
solution. With the corresponding smooth dependence on initial data, a transversal initial
hypersurface supplies local coordinates for the characteristic flow and gives a local solution of
(1.9).

1.2 The ODE result behind the characteristic method

The characteristic construction uses local existence and uniqueness for autonomous ODEs. We
now prove the result used above and record its continuation principle.

1.2.1 Local existence by Picard iteration

Consider
¥=F(x), x(0)=x, xeRY (1.11)

where F is locally Lipschitz. A locally Lipschitz map is Lipschitz on each compact set. In
particular, on the closed ball By(xg) there are finite constants

M= sup [F()|, |[F)-Fy)|<Llx-y| (x,y€Balx)).

XGEz(xo)
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Let
X = C([0, T], Ba(x0)), x|l = sup [x(t)],
0<t<T
and define ,
(Dx)(t) = xo +/0 F(x(s))ds. (1.12)
Choose T > 0 so that
TM<1, TL=g< % (1.13)

Then ,
[(Dx)(t) — xo| < / |F(x(s))|ds < TM <1,
0

so @ maps X into itself. Moreover,

t
[@x - @y, < sup / |F(x(s)) - F(y(s))| ds (1.14)
0<t<T JO

The set X is closed in the Banach space C([0, T], R9), hence it is complete, and @ is a contraction.

For the Picard iterates x("*1) = ®x(™ the contraction estimate also gives

n
D = xoll < 3 D =
k=0

n
< DI 5Ol = 2 e -
k=0

—q

When g < 1/2 and the first step lies in Bi(x), the iterates remain in By(xg). Banach’s fixed-point
theorem therefore gives a unique fixed point of ®. This fixed point is the unique local solution of
(1.117).

Theorem 1.1 (Local existence and uniqueness for an autonomous ODE). IfF : RY — R¥ is locally
Lipschitz, then for every xg € RY there is a time T > 0 for which (1.11) has a unique solution on [0, T].

1.2.2 Continuation and global existence

Suppose a solution of ¥ = F(x) is known on [0, T], and write x7 = x(T). For t > T, restart the
integral equation at x7:

t
(Drx)(t) = xT +/T F(x(s))ds. (1.16)

The same contraction argument extends the solution to [T, T + T1]. If the trajectory stays in a
fixed compact set, the bound and Lipschitz constant for F can be chosen uniformly there, so T;
can be chosen independently of T. Repeating the construction then extends the solution for all
positive times.
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The general continuation statement is most naturally written for a possibly nonautonomous
equation. Let D C R X R be open and consider

= f(tx),  x(to) = xo, (1.17)
where f is continuous and locally Lipschitz in x.

Theorem 1.2 (Continuation criterion). Let (T—, T.) be the maximal interval of existence of the solution
of (1.17). If T+ < oo, then the graph (t, x(t)) leaves every compact subset of D as t T T.. More precisely,
for every compact K C D thereis T € (to, T+) such that

(t,x(t)) ¢ K foreveryt € (T, T,).

For an autonomous system on an open set U C R", the contrapositive is useful: if x(t) stays in a
compact set C C U forevery t < Ty, then T, = co.

Example 1.3 (An a priori bound prevents finite-time breakdown). Suppose an autonomous
solution on R™ satisfies
lx(t)] < e’ |x(0)] 0<t<T,).

If Ty < oo, then the whole trajectory lies in the compact ball
{x eR™:|x| < el [x(0)[}.

This contradicts the continuation criterion. Hence T, = .

The same idea appears in evolution equations. The notes use the schematic damped semilinear
wave equation
Pu—Au+du+u®=0 (1.18)

as an example: a finite-time bound on the phase-space norm, of the form

[1(t, D) ()l ir2 < Cr [, Ir )OIz

keeps the solution in a bounded region of the local theory and allows the argument to restart. On
a short interval after time T, the corresponding control quantity y is estimated by y(t) < 2y(T);
repeating this short-time estimate is the PDE analogue of the ODE continuation argument.

1.3 Second-order equations and Cauchy data

Continuity of the characteristic vector field is enough for an ODE existence theorem, while local
Lipschitz regularity is used for uniqueness. A classical first-order PDE asks only for a C! solution.
For a second-order PDE, however, one must also produce second derivatives.

Consider
a(x, y) 83261/[ + Zb(x/ y) axy” + C(X, y) (951/[ = f(x, 3/) (119)

In index notation, the principal part has the form

a'l(x) diju = f(x). (1.20)
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If u is prescribed on a hypersurface, its trace determines all tangential derivatives there, but it
does not determine transverse derivatives. A second-order Cauchy problem therefore prescribes
the value of 1 and one transverse first derivative.

Let the initial curve be
Y= {(x,y) tP(x,y) = 0} .
Near a point where the coordinate change is nonsingular, introduce

t=ao(x,y), s=x, u(x,y) =u(p(x, ), x).

The chain rule gives

dxtt = (Ixh) OyTL + Dy 1. (1.21)

The datum u(0, s) determines all tangential derivatives. Once d;1(0, s) is also prescribed, the
complete first-order derivative data of # on X are known.

t

A

T NG W)

X2

Figure 1.3: Cauchy data on a hypersurface t = ¢(x). Tangential derivatives are determined by
the trace; a transverse derivative must be prescribed separately.

1.3.1 The model initial curve y =0
Take ¢(x,y) = y,so that Z = {y = O}. Prescribe
u(x,0) = go(x), dyu(x,0) = g1(x). (1.22)
Tangential differentiation gives
8§u(x,0) =g (x), dryu(x,0) = g1(x).

The only second derivative not yet determined is aiu(x, 0). Restricting (1.19) to y = 0 gives

a(x,0) 8§u(x, 0) +2b(x,0) dxyu(x,0) + c(x,0) 8§u(x, 0) = f(x,0). (1.23)
If ¢(x,0) # 0, then

f(x,0) —a(x,0)g7(x) - 2b(x, 0)g/ (x)

.0 (1.24)

8§u(x,0) =
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Repeated differentiation of the PDE determines all higher transverse derivatives, provided the
coefficients and data have enough regularity. Thus y = 0 is noncharacteristic where c(x, 0) # 0
and characteristic where c(x, 0) = 0.

transverse data

> X
initial curve y = 0

Figure 1.4: On y = 0, the trace gives tangential derivatives and the Cauchy problem supplies one
transverse first derivative.

1.4 Characteristic hypersurfaces in several variables

Let x € R™ and consider )
a'l(x) diju = f(x) (1.25)

with Cauchy data on
T={x:¢(x)=0}, V¢#0 onXk.

Choose adapted local coordinates
x > (t,s!,...,s™ N, t=o(x),
and write u(x) = u(t, s). The Cauchy data may be written as
Uli=g = Uo, il = U1. (1.26)

Equivalently, one may prescribe a derivative in any nonzero transverse direction, such as V¢ - Vu;
the trace and its tangential derivatives then determine the conversion to d;u.

Write

The first derivatives transform as
ditt = P IU + s§ Iyl (1.27)
Differentiating once more gives
Jijut = i I + (9;jh) I + pis’ Iy + sy Oyor Tl
+(93js*) D + sffsf Okl L. (1.28)

On t = 0, every term on the right except 971 is already known from the Cauchy data and their
tangential derivatives. Substitution into (1.25) gives

a'l(x) dip(x) djp(x) 9?1 + known terms = f(x). (1.29)

Qx,V¢)
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Definition 1.4. The hypersurface & = {(p = 0} is noncharacteristic at x when

Q(x, Vo) = a’l(x) dip(x) djp(x) # 0. (1.30)

It is characteristic where this quantity is zero.

For the model curve y = 0, one has ¢(x,y) = y and Q(x, V¢) = c(x, y), which recovers the
criterion above. When Q # 0, the PDE determines 9% on the initial hypersurface. Repeated
differentiation determines all higher transverse derivatives recursively.

At order |a|, the product rule takes the form

9UFG) = F9°G + G 9°F “) P9 FG). 131
(FG) + + ﬁZ (ﬁ( )(9*FG) (1.31)
B#0, p#a

Thus all terms other than the highest transverse derivative involve quantities that have already
been found. This produces a formal Taylor series in the transverse variable.

1.5 The Cauchy-Kowalevski theorem

The preceding calculation produces formal Taylor coefficients. The analytic hypotheses in the
Cauchy-Kowalevski theorem guarantee that the resulting series converges; smoothness alone
does not provide this conclusion.

Theorem 1.5 (Cauchy-Kowalevski, second-order form). Let the coefficients a'l, the right-hand side
f, the defining function ¢, and the Cauchy data ug, uy be analytic near a point xg € L. If = = {qb =0} is
noncharacteristic at xo, then

a'l(x) d;ju = f(x), uly = uo, ditt]y, = uy

has a unique analytic solution in a neighborhood of x.

More generally, an analytic PDE with analytic Cauchy data on an analytic noncharacteristic
hypersurface has a unique local analytic solution once it is solved for its highest transverse
derivative. Uniqueness comes from the fact that the PDE and data determine every transverse
Taylor coefficient.

1.5.1 First-order systems
Let
u=(uy,...,un)"

and consider '
A'(x)diu + B(x)u = F(x), (1.32)

where the A’ and B are matrices. For & = {¢ = 0}, define

A(V) = A'9;¢. (1.33)
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The hypersurface is noncharacteristic precisely when
det(A(V)) # 0. (1.34)

Under analytic hypotheses, Cauchy-Kowalevski gives a unique local analytic solution.

1.5.2 Higher-order scalar equations
For a scalar equation of order k with principal part
a't % (x)dj,...i, u + lower-order terms = 0, (1.35)
the characteristic condition for & = {¢ = O} is
a'v i (x)dy p(x) - - - i, Pp(x) = 0. (1.36)

Only the highest-order part of the equation and the normal covector V¢ enter this condition.



Chapter 2

Cauchy Problems, Principal Symbols,
and Harmonic Functions

The theory of ordinary differential equations suggests how to formulate initial-value problems for
partial differential equations. For a PDE, the initial data are prescribed on a hypersurface rather
than at a point. Whether the equation can propagate those data depends on its highest-order
terms and on the geometry of the hypersurface. This leads to characteristic surfaces, the principal
symbol, and the elliptic-hyperbolic—parabolic classification. The second half of the chapter begins
the study of the elliptic model operator, the Laplacian, and derives the mean-value property of
harmonic functions.

2.1 Ordinary differential equations as a model

Consider the autonomous initial-value problem
x = F(x), x(0) = xo, x € R™. (2.1)
The basic local theory is as follows.

1. If F is continuous, then a local solution exists.
2. If F is locally Lipschitz in x, then that local solution is unique.

An ordinary differential equation of order ¢,

4

D)= f(),  ar#0, (2.2)
k=0
can be written as a first-order system. Set
y1=x, Yo = x(l), ceny Ye = XD, (2.3)
Then (2.2) becomes a system
y=Gl(t,y). (2.4)
Thus an equation of order ¢ requires ¢ pieces of initial data,
x(0), xD(0), ..., x1(0). (2.5)

10
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2.2 The Cauchy problem for a PDE

For a PDE of order k, a Cauchy problem prescribes the unknown and its first k — 1 transverse
derivatives on an initial hypersurface and asks for a local solution. In coordinates in which the
initial hypersurface is t = 0, the k pieces of data take the form

a{ut_ozuj, i=0,... k-1. (2.6)

Typical second-order examples are

Pu = f(x), an ordinary differential equation, (2.7)
Pu + 8§u = f(x), (2.8)
Iyt = f(x, ). (2.9)

For either PDE, the schematic second-order data on a smooth initial curve I are
ulp = uo, dyul = uy, (2.10)

where v is a chosen direction transverse to I'. The direction need not be a unit normal; what
matters here is transversality.

The power-series idea is already visible for the ODE

x" +ax"+bx = f(t), x(0) = xo, x'(0) = x1. (2.11)

Figure 2.1: The Cauchy data are prescribed at the initial time ¢ = 0.

The equation determines
x”(0) = f(0) — ax1 — bxo. (2.12)

Differentiating the equation determines x””(0), and repetition determines all higher derivatives at
the origin. If the coefficients and forcing are analytic, these derivatives produce the Taylor series

(o8]

x(h) =y 100, (2.13)

r!
r=0

The same recursive idea motivates the analytic Cauchy problem for PDEs.
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2.3 Characteristic and noncharacteristic data

Return to the model equation

Iyt = f(x,y) (2.14)

with Cauchy data prescribed on a smooth curve I’ Knowing u# on the curve determines all
derivatives tangent to the curve. To move off the curve, one also prescribes one transverse
derivative.

»
>

3 transverse

gent

> X

Figure 2.2: Data on I' determine tangential derivatives; one transverse derivative must be
prescribed separately.

Write the curve locally as
I'={(x,y): ¢(x,y) =0}, dp#0 onT. (2.15)
Choose a second function g so that
b=, y), z=gxy) (2.16)

is a local coordinate system. Thus t is transverse and z is tangential. Write

u(x,y) = u(t,z). (2.17)
The Cauchy data become
u(0,z) = up(z), 21u(0,z) = u1(z). (2.18)
Consequently, the data determine
dlul,.y and dLdiul,_y, r=0,1,2,.... (2.19)

The first unknown pure transverse derivative is 8tzﬁ| 420"
The chain rule gives

Dxtt = (I P)OHTT + (9x2)d-1l, (2.20)
g1t = (Iy )N + (3y2)- 1. (2.21)

Differentiating once more,
8xyu = (8x¢)(8yqb)8fﬁ + K, (2.22)
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where

K = (dxy )0ttt + (9xP)(Iyz) i1t + (9x2)(dyP) st
+ (Dry2)0: 1 + (3,2)(9y2)021. (2.23)

Every term in K is already known on ¢t = 0. Hence (2.14) determines 8fﬁ when

(9xP)(dy @) # 0. (2.24)

When the product vanishes, I is characteristic for this equation; when it does not vanish, I" is
noncharacteristic. In the analytic setting, one may differentiate the PDE again to determine the
third transverse derivative and continue recursively to construct the local power series.

2.4 Linear operators and the principal symbol

Letx =(x1,...,xy), let]I = (i1,..., i) be a multi-index, and write
Ul =iv+-+im, =30 (2.25)

A linear scalar differential operator of order k has the form

L(x,d)u = Z a(x)d'u,  L(x,d)u = f(x). (2.26)
1<k
Its highest-order, or principal, part is

Li(x,d)u = Z ap(x)o'u. (2.27)
|I]=k

For k = 2, the operator may be written

m

L(x,d)u = Z aij(x)(?iju + Z b (x)d,u + c(x)u, (2.28)
r=1

i,j=1
where the principal coefficients may be taken symmetric: a'/ = a/’.

Introduce coordinates adapted to a hypersurface,
t=¢(x), y =g9"(x), r=1,...,m-1. (2.29)
Then
m=1
dit = (i h)dyil + Z(ai g )9y L. (2.30)
r=1

After one more differentiation, the coefficient of the new pure transverse derivative 8%5 is

m

D al(x)0:)(j). (2.31)

i,j=1
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Therefore the hypersurface ¢ = 0 is characteristic exactly when

m

D ali(x)(@i9)(9¢) = 0. (2.32)

i,j=1

Only the highest-order terms enter this condition.

For an operator of general order k, its principal symbol is

pr(x, &) = D ai(x)E. (233)

I]=k

The coefficient of 9# in adapted coordinates is

pr(x,dg) = > ar(x)(9¢)" (2.34)

=k

Equivalently, with coefficients indexed as a;, ..,

(e, dd) = > ai i (X)) (9). (2.35)
11,00y ix=1
Thus
¢ = 0is characteristic <= pi(x,d¢p) =0. (2.36)

24.1 Second-order equations in two variables

Consider
a(x, y)o*u + 2b(x, Y)oxyu +c(x, y)&iu
+d(x, y)dxu +e(x, y)dyu + q(x, y)u = g(x, y). (2.37)

Its characteristic equation is

a(9xP)? +2b(dxP)(dy ) + c(dyP)* = 0. (2.38)

Assume a # 0. Solving for d,¢ gives

b+ Vb2 —-ac

drp = — dy. (2.39)

To test a proposed initial curve 1(x, y) = 0, substitute 1 and d, 1 into the left side of (2.38).
The curve is noncharacteristic where the result is nonzero.
The sign of b? — ac gives the pointwise classification:

1. If b2 — ac < 0, the equation is elliptic; it has no real characteristic direction.
2. If b2 — ac > 0, the equation is hyperbolic; it has two distinct real characteristic directions.
3. If b? — ac = 0, the equation is parabolic; it has one repeated real characteristic direction.
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2.4.2 Change of variables and canonical form
The matrix formulation makes the higher-dimensional classification precise. Consider the pure
second-order equation

m
Z aijax,.xju = f, A= (Ell'j) = AT e RMxm, (2.40)
i,j=1

Let B = (b;;) be invertible, set y = Bx, and define

u(y) = u(Bly), so that u(x) = u(Bx). (2.41)

The chain rule gives
Oy tt = Z bixdy, T, (2.42)
uxtt = ) bixhjedy,y . (2.43)

i
Consequently, the transformed principal matrix is
A =BAB', (2:44)
and its quadratic principal symbol is

ETAE = ETBABTE. (2.45)

Because A is real and symmetric, choose the rows of B to be an orthonormal eigenbasis of A.
Then B is orthogonal and

BAB' = diag(Ay, ..., Am), (2.46)
so (2.40) takes the canonical form
m
D ddu = f(By). (2.47)

i=1
There are no mixed second derivatives in these coordinates.
The eigenvalue signs classify the principal part:

1. Itis elliptic when every eigenvalue is nonzero and all have the same sign.

2. Itis hyperbolic in the basic Lorentzian case when every eigenvalue is nonzero and exactly one
has the sign opposite to all the others.

3. The basic parabolic model has one zero eigenvalue and all remaining eigenvalues have the
same sign.

If there are at least two positive and at least two negative eigenvalues, the operator is often called
ultrahyperbolic. More than one zero eigenvalue, or a zero together with mixed nonzero signs,
gives a more degenerate principal part and requires a finer description.



16 Chapter 2. Cauchy Problems, Principal Symbols, and Harmonic Functions

For example,
diu=Lu+f, (2.48)

with L elliptic in the spatial variable x, has no second derivative in ¢. The full second-order
principal matrix therefore has one zero eigenvalue, corresponding to ¢, and eigenvalues of one
sign in the spatial directions.

For constant A, the orthogonal change of variables produces the canonical form globally. A
variable matrix A(x) can be diagonalized algebraically at each point, but the resulting eigenbases
need not form a global coordinate system; an x-dependent change of coordinates also creates
lower-order terms.

Remark 2.1 (Analyticity). The recursive construction above is a power-series construction. The
Cauchy-Kowalevski theorem requires analytic coefficients and forcing, an analytic initial hyper-
surface, analytic Cauchy data, and a noncharacteristic hypersurface. There is no unrestricted
analogue with merely C* data and coefficients.

2.5 The Laplacian and harmonic functions

For u € C%(Q), where Q C R™ is open, the Laplacian is

Au= " Pu. (2.49)

The equation
Au=f (2.50)

is Poisson’s equation. Its homogeneous case Au = 0 is Laplace’s equation.

Definition 2.2 (Harmonic function). A function u € C%(Q) is harmonic in Q if

Au=0 inQ. (2.51)

2.5.1 Integration by parts and duality

Let QO be a bounded domain with smooth boundary, let v be the outward unit normal, and let
a = (al,...,a™)be a vector field. The multidimensional integration-by-parts formula is

/Qal8if dx = —/Q(aia')f dx + /8Q via' fdS, (2.52)

where repeated indices are summed. Equivalently,
/a-Vfdx:—/(diva)fdx+/ (v-a)fds. (2.53)
Q Q 2Q

Duality can be used to recognize an L? function. If f € Llloc (Q) and there is a constant C such that

[ s

<C ||g||L2(Q) for every g € CZ(Q), (2.54)
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then f € L?(Q). Indeed, the left side defines a bounded linear functional on a dense subspace of
L?, so the Riesz representation theorem applies. More generally, CX(Q) is dense in L7 (Q) for
1<p<oo

2.5.2 Green’s identities

For u, v € C2(Q), integration by parts gives Green’s first identity:

/Q(Au)v dx = — /Q Vu-Vodx + /aQ(8vu)v ds. (2.55)

Integrating the interior term once more gives

—/ Vu-Vvdx:/ uAvdx—/ ud,vds. (2.56)
Q Q Ple)

Therefore Green'’s second identity is

/ ((Au)o — uAv) dx = / ((dyu)v — (dyv)u) dS. (2.57)
0 o)

If u and v are harmonic in a neighborhood of the closure of a smooth subdomain A, then

/(8Vu)vd5=/ (dyo)u dSs. (2.58)
dA dA

Proposition 2.3 (Flux identity). Let A € Q be a bounded domain with smooth boundary. If u is
harmonic in €, then

dyu dS = 0. (2.59)
0A

Proof. Set v =1 in Green'’s first identity, or apply the divergence theorem to Vu. m]

2.6 Polar coordinates and radial harmonic functions
In two-dimensional polar coordinates (7, 0),
Au = 92 18 ! 02 2.60
U= r”"';r”"'r_ze”' (2.60)

In three-dimensional spherical coordinates (r, 8, ), with ¢ the polar angle,

2 1 1
_ 2 2 2
Au —8,u+;o7ru+r—2 8(pu+cot(p8(pu+ﬁagu . (261)
More generally, for x € R™ \ {0}, set
X m—1
r = |x|, OJZ—GS (2.62)



18 Chapter 2. Cauchy Problems, Principal Symbols, and Harmonic Functions

Then
m-—1

1
Au = *u + dru + EAqu u, (2.63)
where the last operator differentiates only in angular variables.

For a radial function in two dimensions, Laplace’s equation becomes

1
£u+;&u:0, (2.64)

SO
u(r) = Alogr + B. (2.65)
The nonconstant solution log r is harmonic for 7 > 0, but it is singular at the origin.

For a radial function in three dimensions,

£u+%&u=0, (2.66)
and hence B
u(ry=A+ . (2.67)
In particular,
A(ﬁ) =0 forx #0, (2.68)

although 1/|x| is singular at the origin.

2.7 The mean-value property

2.7.1 The three-dimensional calculation

Let u be harmonic on a neighborhood of Br(0) C R3, and put
_— 1
Ae = Br(0) \ B£(0), v(x) = 2k (2.69)

Both u# and v are harmonic in A,.

Figure 2.3: The punctured ball. On the inner boundary, the outward normal of A, points toward
the origin.
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Since xi
div(x) = ——=, (2.70)
|x|3
the normal derivative relative to the annulus is
1 1
d,v = —— on dBg(0), d,v = — ondB.(0). (2.71)
R2 2

The zero-flux identity for u on each sphere gives [, A, 0dyudS = 0. Green’s second identity
therefore yields

Oz/ ud,vdS
0A,

1 1
=—— u(x)dS, + —/ u(x)dSy. (2.72)
R? Jixi=r €% Jix=e

Parametrizing the two spheres by x = rw, this becomes
0= —/ u(Rw)dS,, +/ u(ew)dS,. (2.73)
S? $2

Continuity and compactness permit ¢ | 0, giving

/ u(Rw)dS,, = 4nu(0). (2.74)
§2

2.7.2 Spherical and ball means
Let

W = |S™Y (2.75)
be the surface area of the unit sphere in R™.

Theorem 2.4 (Mean-value theorem for harmonic functions). Let u € C%(Q) be harmonic in the open
set Q c R™. If x € Qand Br(x) C Q, then

u(x) = L/ u(x + Rw) dS,,
gm-1

Wip

1
- /Wl:Ru(x +1)dS,. (2.76)

mem—l

Integrating the spherical identity against r"~! dr gives

R
/ u(y)dy=/ / u(y)ds, dr
Br(z) 0 Jly-z|=r

R
=/ W™ u(z)dr
0
= |Br(z)|u(z). (2.77)

Therefore

u(z) = u(y)dy. (2.78)

|BR(2)| JBg(2)
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2.7.3 The mean-value property implies smoothness

Fix xo € Q, choose p > 0 with By,(xg) C Q, and choose a radial bump function

p(z) = P(Iz]) € CZ(By(0)) (2.79)
normalized by

1= p(z)dz = wy /p Y(r)yr™dr. (2.80)
0

Rl’!l
Forx € B p(xo), polar integration and the spherical mean-value identity give

0+ @)) = [ uipl -y dy
= / u(x —z)p(z)dz
B, (0)
= /op Y(r)yrm1 (/S"H u(x —rw)dS, | dr

= wuu(x) /Op l,b(r)rm_1 dr = u(x). (2.81)

The convolution u * ¢ is smooth. Since this argument is local at every point, every harmonic
function is in fact in C*(Q).

2.7.4 Polar volume elements and geometric constants

In two dimensions,

dx =rdrdf. (2.82)
In m dimensions,
dx = "1 drds,,. (2.83)
Consequently,
|0B,(0)| = wpur™ Y, wy =27, w3 = 4. (2.84)
If
an = [B1(0)], (2.85)
then 4
Ay = a)_m, ay =T, as = il (2.86)



Chapter 3

Mean-Value Methods, Fundamental
Solutions, and Singular Integrals

This chapter develops a sequence of consequences of the mean-value property: Liouville’s
theorem, the maximum principle, and uniqueness for the Dirichlet problem. It then introduces
the fundamental solution of the Laplacian, principal-value distributions, singular integral
operators, and the first Schauder regularity estimate. These ideas prepare the study of Dirichlet
and Neumann problems and, more generally, potential theory.

3.1 The mean-value property and its consequences
Let (O c R™ be open. A continuous function u: QO — R has the mean-value property if

u(x) = u(y) dy (3.1)

|B(x/ 7’)| B(x,r)

whenever B(x,r) Cc Q.

Theorem 3.1 (Converse to the mean-value theorem). If u € C%(Q) has the mean-value property, then
u e C®Q)and Au =0in Q.

Proof. Letp. € CZ°(R™)be aradial mollifier supported in B(0, ¢), with me e = 1. If dist(x, Q) >
g, then

(u*pe)(x) = /R u(y)pe(x —y)dy

=/ u(x = y)p(y)dy.
Rm

In polar coordinates, the last integral is a weighted average of the spherical means of u about x.
The mean-value property makes each such mean equal to u(x); hence

(05 9 = 1) [ gulw)dy = (o)

21
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Thus u agrees locally with a smooth mollification and is therefore smooth. For a smooth function,
the small-radius expansion of its spherical mean is

1 r? 2
W o u(x +rw)dw = u(x) + %Au(x) + o(r°).
Since the left-hand side equals u(x), division by r2 followed by r | 0 gives Au(x) = 0. O

Theorem 3.2 (Liouville). Every bounded harmonic function on R™ is constant.

Proof. Fix x1,x2 € R™, putd = |x1 — x2/|, and choose R > d. By the mean-value theorem,

) — ()l < s |5, R) & B, R
< %((K +d)" — (R - d)").

The two balls and their symmetric difference are shown schematically below.

—

The last bound tends to zero as R — oo. Therefore u(x;) = u(xz), and the two points were
arbitrary. m]

We recall that u € C2(Q) is harmonic precisely when Au = 0 in Q.

Theorem 3.3 (Strong maximum principle). Let Q be connected and let u be harmonic in Q. If

u(xp) =supu(x) =A
xeQ

for some xo € Q, then u = A in Q.

Proof. Choose r > 0 with B(xg, r) C Q. The mean-value argument takes place on a ball centered

at the maximizing point, @ The mean-value theorem gives

1

A=u(xy)) = ———
( 0) |B(x01 i’)l B(xo,7)

u(x)dx.

Since u < A, equality of the average with A forces u = A on B(xo, r); otherwise the average would
be strictly smaller than A.

Equivalently, the set E = {x € Q : u(x) = A} is nonempty and open. It is also closed in Q by
continuity. Connectedness therefore implies E = Q. m]
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Theorem 3.4 (Boundary maximum principle). Let QO C R™ be bounded and open, and suppose
u € C(Q) is harmonic in Q. Then

maxu = maxu, minu = minu.
Q oQ Q oQ

Proof. Compactness of Q guarantees that the extrema are attained. If a maximum occurs in the
interior of a connected component, the strong maximum principle makes u constant on that
component, so the same value occurs on its boundary. Apply the same argument to —u for the
minimum. O

Theorem 3.5 (Uniqueness for the Dirichlet problem). Let Q be bounded and let f € C(dQ). The
problem

ueCQ),

Au=0 inQ,
u=f ondQ,

has at most one solution.

Proof. If u1 and u; are two solutions, then v = uq — u, satisfies
Av=0 inQ, v=0 ondQ.

The boundary maximum principle applied to v and —v gives maxgv = mingv = 0. Hence
v=0. m]

3.2 The fundamental solution of the Laplacian

Assume m > 3, and write w,, = |S™"!|. Define the signed fundamental solution

1 1
I'(x)= @ = w172 x # 0. (3.2)

For every ¢ € C2(R™),
/Rm I'(x)A@(x)dx = ¢(0). (3.3)

Thus
AT = Og

in the sense of distributions. Translation gives
[ 8ere = ndy = ol (34)

Consequently, if
o) = [ pIe=y)dy
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is twice differentiable, then moving the derivatives onto ¢ gives

200 = [ A= Iy = p(x)

The phrase “if v is twice differentiable” is important: the second derivatives of I' are too singular
to be ordinary locally integrable functions.

Indeed,
2-m _ Zi
dilz|"=2-m Tz
and hence
|0;T(z)| < Clz|t™ € Llloc.
On the other hand,

0;T(2)| < Clz[™,  |z[ ™" ¢ L,

loc®

This is a borderline failure: |z|™"*¢ is locally integrable for every ¢ > 0. To recover second
derivatives, we must exploit cancellation rather than absolute integrability.

3.3 Principal values and cancellation

The one-dimensional kernel 1/x is the model example. For ¢ € Cl([~1,1]), define

1 —¢ 1
p-Vv. _1@0& =lgig)1( 3 @dx+/g @dx).
Write

Px) = 9O + 1R, R = L0

where R extends continuously to R(0) = ¢’(0). The singular constant term cancels because

—& 1
d_x+/ d_xzol
-1 X e X

while R is integrable. Therefore the principal value is well defined and equals [ _11 R(x)dx.

The same mechanism works in R”. Suppose K: R" \ {0} — R is homogeneous of degree —m:

K(rz) =r"K(z), r > 0. (3.5)
Writing z = rw, with |w| = 1, gives
K(w)
K(z) = ,
(z) B

which is not locally integrable at the origin. If f(rw) = f(0)+ rR(r, w), then the truncated integral
has the form

b gy
/g<|2|<b f(z)K(z)dz = f(O)/g T/Sm] K(w)dw
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" /sb /Sm—1 R(r, w)K(w) dw dr.

The second term is locally integrable. The logarithmic first term can cancel for arbitrary f only if
/ K(w)dw = 0. (3.6)
gm-1
Under this cancellation condition, the integral of K over every annulus vanishes:

/ K(z)dz = (logb —loga) / K(w)dw = 0.
a<|z|<b sm-1

Conversely, vanishing on every annulus implies (3.6). We may therefore subtract the value at the
singularity:

b.v. / f@K()dz = lim /| L@ - fO)KE s, (37)
—00 zl<
whenever the large-scale limit is meaningful. Near zero, Holder continuity is already sufficient: if
|f(z) = f(0)] < Clz]?, O<ax<l,

then the integrand in (3.7) is bounded in absolute value by C|z|*~™, which is locally integrable.

3.4 Holder spaces and singular integral operators

Let 0 < a < 1. For a bounded domain Q, define

[flee@) = sup_ If(li)_—ch'iy)ll 1A llce@) = I flle@) + [flca):
x,y€Q
Xty

The space C%(Q), equipped with this norm, is a Banach space. More generally,
“f”ck,a(ﬁ) = ”f”ck(ﬁ) + ll’gli;(([aﬁf]ca(ﬁ).

Definition 3.6. A function K: R™ \ {0} — R is a singular integral kernel if
1. K(rz) = r"™K(z) for every r > 0, and fa<|z|<b K(z)dz =0forevery0 <a < b;
2. Ke CY(R™\ {0}).

For f € C&(R™), define
T7G0) =pv. [ = wK)dy 8)

= lim (f(x =) = f(x))K(y) dy. (3.9)
b—oo lyl<b
The subtraction makes the singularity integrable, while compact support makes the large-scale
truncation unambiguous. The preceding estimates also give T f € L*(R™). It remains to control
the Holder seminorm.
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Theorem 3.7 (Holder continuity of singular integrals). If K is a singular integral kernel and
f e C&R™), then
Tf e C*R").

Proof. The expression (3.9) is well defined by the preceding cancellation argument. Fix a
displacement y, put v = |y|, and split T f = w; + w;,, where

0= [ (fr-2)- f)KE)z,
|z|<3r
wy(x) = lim (f(x —z)— f(x))K(z) dz.

b—oo J3r<|z|<b

Since |K(z)| < Clz|™,

|w(x)] < C[f]ca/ || dz < C[f]car®.

|z|<3r

The same bound holds at x + y, so

1 (x + ) — w1(2)] < Cflear®. (3.10)

To compare the far terms, use annular cancellation to replace f(x + y) by f(x) in wa(x + y), and
then make the change of variables z + z + y. On the common part of the two truncation regions,
the resulting difference is

(f(x—2)~ F()) (K(z + y) - K(2)).
The discrepancy between the two outer boundaries gives an error Eq(b) supported where
b—r<|z| <b+r. Hence

b+r)"=(b-r" .

[EA(®)] < Cll fllm

asb — oo.

The discrepancy between the inner boundaries gives an error E; supported in the annulus
2r < |z| < 4r. In that region |z| ~ |z + y| = r, and therefore

|E2| < C[f]car®.

Finally, homogeneity and C!-regularity imply |9;K(z)| < C|z|~™~!. The ordinary mean-value
theorem, together with |z| > 37, gives

r

|K(Z + y) - K(Z)l < CW

Thus the main term is bounded by

r (o)
C[f]ca/ |z|* 7 dz < C[f]car/ p*2dp
|z|>3r |z] 3r
< Clflcar?,

because 0 < @ < 1. Combining this estimate with (3.10) and the two boundary errors proves

ITf(x+y)=TfX)] =< Clyl. O
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3.5 Regularity of the signed Newtonian potential

Theorem 3.8 (Schauder regularity for the signed Newtonian potential). Let m > 3,0 < a <1, and
f e Ca®m). If
u = f I,
with I given by (3.2), then
u € C>*(R™) and Au = f.

Proof. The distributional identity AT = ¢ gives Au = f. Away from the origin, each kernel J;;I
is homogeneous of degree —m, is C!, and has zero spherical mean. Distributionally, d;;I" is the
corresponding principal-value kernel together with a constant multiple of 6. Therefore each
diju is the sum of a singular integral of f and a constant multiple of f. The preceding theorem
yields d;ju € C*, and hence u € Cc2a, O

3.6 Problems

Problem 3.1. Consider the equation
axxu + 28xtu + 8ttu =0.

(a) Find its characteristic equation and classify the equation.
(b) Derive the general solution.
(c) Solve the Cauchy problem

u(x,0) = f(x), dru(x,0) = g(x),

and state the local uniqueness conclusion when the data are analytic.

Solution. The characteristic equation is

(9x9)* +2(9x D) (1) + (9rp)* = 0,

or
oxp = =0
with a double root. Thus the discriminant vanishes and the equation is parabolic.

The repeated characteristic leads to a solution of the form
u(x,t)=F(x —t)+tG(x - t).
Indeed,

dyu=F +tG, dyxtt = F" +tG”,
8,51/{ :—F,+G—tG,, Qttu :F”—ZG,-l‘tG”,
20iu = =2F” +2G’ - 2tG”.
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Consequently,
8xxu + 28txu + Qttu =0.

At t =0, the prescribed data give
F(x) = f(x)
and
G(x) - F'(x) = g(x), SO G(x) = f'(x) + g(x).

Therefore

ulx, t)= flx—t)+t(f'(x—t)+ glx = 1)) |

For analytic f and g, Holmgren'’s theorem gives local uniqueness near the initial curve t =0. O

Problem 3.2. Consider the Cauchy problem
Ol = Oyxll + U, u(x,0) = e*, diu(x,0) =0.

Determine the power series in t obtained from the Cauchy-Kovalevskaya recursion.

Solution. For every k € N,
Fu(x,0) = e*.

Using the equation repeatedly gives

dpu(x,0) = dyyu(x,0) + u(x,0) = 2e*,
8f’u(x,0) = dyxdiu(x,0) + dru(x,0) =0,
8fu(x,0) = 8xx8fu(x,0) + 8fu(x, 0) = 4e”,
8fu(x,0) =0,
Pu(x,0) = dyydtu(x,0) + dtu(x,0) = 8e*.
Thus, by induction,
% u(x,0)=2%*,  **u(x,0)=0.

The Cauchy-Kovalevskaya power series is therefore

It converges in a neighborhood of ¢ = 0. m]

Problem 3.3. Let a second-order equation in two variables have characteristic equation

a(axﬂb)z + Zb(aﬁu ﬂb)(axqu) + C(axqu)z =0.

Classify the equation in terms of
a b
vef o)

and prove that its type is preserved under every invertible linear change of variables y = Ax.
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Solution. The characteristic equation can be written as

(MVy¢, Vi) =0,  detM =ac— b
Hence the equation is hyperbolic if det M < 0, parabolic if det M = 0, and elliptic if det M > 0.
Let y = Ax, where det A # 0, and write 5(]/) = ¢(A7ly). The chain rule gives

Vi = ATV, 0.
Thus, in the y variables, the characteristic equation becomes
0=(MATV,$, ATV, )
= (AMATY,,V,6).
If C = AMAT is the transformed principal matrix, then
detC = det(AMAT) = (det A)* det M.

Since (det A)? > 0, the signs of det C and det M agree. The classification is therefore preserved. O

Problem 3.4. Let m > 3, let ¢ € C°(R"), and write w,, = |S’”‘1|. Prove that

L a0t

Solution. For ¢ > 0, split the integral as

11_2 dx = —(m = 2)w, ¢(0).

1
/Rm A(P(x)|x|m_2 dx = IS + ]Sl

where
1 1

The first term satisfies

1
1l < agl. |

. |x|m—2
e Wy )
= wn [0l [ rar = ag]. 2

sol., — 0.

Set I'(x) = |x|*™. Since AT = 0 away from the origin, Green’s identity on R™ \ B, gives

. = /3 ([0, - 9auT) ds.,

where v = —x/|x| is the outward unit normal for the punctured domain. Now

X

VI(x) = —(m - 2)—,
x|

o= (m—-2)e'™ on dB,.
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The first boundary term tends to zero, because

‘ / T, dS,
0B,

For the second boundary term,

< [Velle " ome™ ™ = wn [[Ve| . e

mé€

1
—(m —2)el™™ / O(x)dSy = —(m = 2)wy, ( ) / o (x) de) .
IB. wm ™ JoB,
The normalized spherical average in parentheses converges to ¢(0) as ¢ | 0. Therefore

Je — =(m = 2)wn $(0).

Combining this with I, — 0 proves the identity. m]
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Green Functions and Distributions

4.1 Green's representation for harmonic functions

Let Q c R™ be a bounded domain with smooth boundary, and let u € C3(Q) N C Q) satisfy
Au=0 in Q.

For m > 3, write
1 1

(n =287 ] [z
Thus N = —TI', where I" was the signed fundamental solution in the preceding chapter. The two

symbols keep the sign conventions explicit: AI' = 69 and —AN = 6¢. With this normalization,
—AN = §g in the sense of distributions. Thus, for a fixed x € ), Green’s second identity applied

to u(y) and N(x — y), first on Q \ B.(x) and then in the limit ¢ | 0, gives

N(z) =

u(x) = /ag N(x —y)dyu(y)dS, — /(_)Q u(y)dy,N(x —y)dSy. 4.1)

Here v, is the outward unit normal at y € JQ.

Formula (4.1) is tempting because it represents u in terms of both u and d, u on the boundary.
It is not yet the natural formula for the Dirichlet problem: the boundary value u|yq already
determines a harmonic function uniquely, so the normal derivative should not have to be
prescribed independently.

To remove that term, consider
G(x,y) = =N(x - y) + K(x, y),
where, for each fixed x € Q), the correction K(x, -) is chosen to satisfy
AyK(x,y) =0 inQ, K(x,y)=N(x-y) ondQ.

Then
AyG(x,y) = 0x(y), G(x,y) =0 fory € Q.

31
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Definition 4.1 (Green function). For the sign convention above, a function G with these two
properties is called the Green function of Q for the Laplacian.

Green’s identity now yields

u(x) = /aQ u(y)BVyG(x, y)dS, — /aQ G(x,y)dyu(y)dsS,.

The second integral vanishes because G = 0 on J(2. Hence

u(x) = /3 (1) 2,,6(x, ) dS,. 42)

This is the desired representation in terms of Dirichlet data alone. Of course, constructing G
requires solving the auxiliary harmonic problem for K.

4.1.1 The Newtonian potential

For a function f for which the integral is defined, set

v(x) = /R’” f(y)N(x —y)dy. (4.3)
The distributional identity —AN = §¢ gives
Av =—f.

The potential improves regularity by two derivatives in the Holder scale: in the usual local form,
if f € C?(’)f and the potential is well defined, then

= Clz’“.
0ocC

This regularity conclusion can fail if f is only continuous; there are continuous right-hand sides
whose Newtonian potentials are not C2. This motivates a broader notion of solution.

4.2 Why the Cauchy problem for the Laplacian is ill posed

Consider the Cauchy data on the line y = 0:
Pu + 8§u =0, u(x,0) = dsin(mx), dyu(x,0) = 0. (4.4)
The solution can be written explicitly as
u(x, y) = dsin(mx) cosh(my).
Taking 6 = 1/m, the prescribed value on y = 0 tends uniformly to zero as m — oo, while on any
fixed line y # 0,
h

suplute, )l = RN

X m
Thus arbitrarily small Cauchy data in the uniform norm can produce arbitrarily large interior
values. The Cauchy problem for the Laplacian does not have continuous dependence on the data
and is therefore ill posed. This contrasts with the Dirichlet problem, which is well posed under
the hypotheses studied earlier.
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4.3 Test functions and weak equations

1
loc

Suppose f € L, (Q). There are two equivalent ways to say that f = 0:

f =0 almost everywhere, or / fodx =0 forevery ¢ € C°(Q).
Q

This observation suggests testing an equation rather than differentiating its putative solution. If
a classical function u satisfies Au = f, then integration by parts gives

/ ulApdx = / fodx for every ¢ € C°(Q).
Q Q

Definition 4.2 (Distributional solution). A locally integrable function u is a distributional solution
of Au = f if it satisfies the displayed test-function identity above. No classical differentiability of
u is required.

The notation
D(Q) =C2(Q)

will be used for the space of test functions. Thus ¢ € D(Q2) means that ¢ is smooth and that
supp ¢ € .

Taylor’s theorem with integral remainder will be used repeatedly in estimates for test functions.
If x, xo € (a,b) and the segment joining them lies in (a, b), then

kL g0 |
o=y L0y
E (4.5)

(x_k;f)m / (1= 94D (g s~ x0) .
: 0

Smooth cutoff functions make this space rich. For example, given a < b and ¢ > 0, one can
construct ¢ € CZ°(R) such that

0<o¢<1, ¢ =1on]la,b], suppp C [a—¢,b+¢].

One construction begins with a nonnegative bump x of integral one, sets x.(x) = e ! x(x/¢), and
convolves a suitable interval’s characteristic function with y..

/- N

a—¢ a b b+e

4.3.1 Partitions of unity

If a compact set K is covered by finitely many open sets,

N
K c U O;,
i=1
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then there exist ¢; € CZ°(O;) such that

N
Dei=1  onk
i=1

More generally, for a locally finite open cover {O;}:°,, one may choose ¢; € CZ°(O;) so that the
sum is locally finite and

Z(pi(x):l for x € UOZ'.

i=1 i=1

The notation A € S means that A is a compact subset of S.

4.4 Distributions

The correct notion of convergence on D(a, b) is the following. A sequence ¢; converges to ¢ in
D(a, b) if there is a compact set K € (a, b) containing every supp ¢; and supp ¢, and if

lp; = Pllevwy — 0 for every N > 0,

where

N
1$llex) = sup D lp® ).

xeK 120
Definition 4.3 (Distribution). A distribution on (4, b) is a linear functional
T:D(@,b)—R
that is continuous for this convergence. The space of distributions is denoted
D'(a,b) = (CX(a, b))

The action of T on ¢ is written (T, ¢).

Continuity is equivalent to the following local boundedness statement: for every compact
K & (a, b), there are a constant Cx and an integer N (K) such that

KT, @) < Cxllgllene )

whenever ¢ € CZ(a,b) and supp ¢ C K.

4.4.1 Regular and singular examples

Every u € Llloc(a, b) defines a distribution

b
(Tu,q5>=/ u(x)p(x) dx.
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Indeed, for supp ¢ C K € (a,b),

b
/ updx| < (/K|M|dx) lpllcok)-

Such distributions are called regular distributions.

The Dirac mass at xg is defined by
<6xo/ ¢> = qb(x())'

It is a distribution, but it is not induced by a locally integrable function.

Another singular example is the principal value of 1/x:

1 L P(x)
<p.v. oy qb> = 1:{61 /R\[—s,s] — X
o [T O(x) = P(=x)
= 1;&)1/6 — dx.

If supp ¢ C [—R, R], the mean value theorem gives

(o L)

so the principal value is a distribution.

< 2R sup|¢'(x)|,
[x|<R

4.5 Differentiation of distributions

Definition 4.4 (Distributional derivative). For T € D’(a, b), define its derivative DT = T’ by

(T, ¢) = (T, 9").

This extends ordinary differentiation because integration by parts gives the same formula for
every differentiable regular distribution.

Every differential operator defined on test functions therefore extends to distributions by duality.

4,5.1 The Heaviside function

Let

0, 0,
H(x) = X
1, x>0.

Its classical derivative vanishes almost everywhere, but its distributional derivative records the
jump:

(DH, ¢) = /O " ¢ dx = 6(0) = (50, ).

4o

Thus
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Since log|x| € L}OC(R), it also defines a distribution, and
1
Dlog|x| =p.v. pe

If f e Llloc(a, b) and
X
o= [ o,
X0
then F is locally absolutely continuous and
DF = f

as distributions. The distributional statement avoids confusing an almost-everywhere derivative
with complete recovery of a function. For example, the Cantor function is nonconstant and
increasing even though its classical derivative is zero almost everywhere.

4.5.2 Distributions with zero derivative

Lemma4.5. If T € D'(R)and T" = 0, then T is a constant distribution: there is a constant C such that
(T, ¢) = C/ o(x)dx for every ¢ € D(R).
R
Proof. First take ¢ € D(R) with [ = 0. Then

D(x) = /_ Y(t)dt
belongs to D(R), and
<T/ 17[}> = <T/ (I)/> = _<T,/ (D> =0.

For a general ¢, choose x € D(R) with [ x =1, setcy = [, and apply the preceding argument
to ¢ — cy x. It follows that
<Tr l;b> = C#J(T/ X>r

which is the desired formula with C = (T, x). O
Lemma 4.6 (Antiderivatives in 9’). For every S € D'(R), there exists T € D'(R) such that

DT = S.
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Proof. Fix x € D(R) with [ x = 1. For ¢ € D(R), set ¢y = [ ¢ and define

X
0]

Mo(x) = / (Pp(t) — cox(t)) dt.
The integrand has integral zero, so M¢ is again a compactly supported smooth function. Define

(T, §) = =(S,M¢).

The map M is continuous on test functions, so T is a distribution. Moreover, ¢y = 0 and
M(¢’) = ¢. Therefore

(DT, ¢) = —(T, ¢) = (S, M(¢")) = (S, §)-

O
4.6 Multiplication and elementary distributional equations
If f e C*°R)and T € D’(R), define the product fT by
fT,¢) =<T, f ).
This is well defined because f¢ € C°(R). The ordinary product rule remains valid:
D(fT) = f'T + f DT. (4.7)

Two useful consequences are
(x—x)T=0 = T =cby,

and, more generally,

[y

(x-—x)NT=0 = T-= chaﬁjo).
j:

As an application, consider first the classical equation

xy'(x) + y(x) =0.

Since (xy)’ = 0, its classical solutions away from x = 0 have the form y = c/x. The distributional
equation is

xT'"+T =0, or equivalently ~ D(xT) =0.
The zero-derivative lemma gives xT = ¢, where the right-hand side is a constant distribution. On
the other hand,

1
v.—=1,
Xp-v.

1
<xp.v.;,qb> = /qu(x)dx.

because
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It follows that x (T — ¢ p.v.(1/x)) = 0, and the first consequence above gives the complete family

1
T=c100+ p-v. ; (48)

Likewise, if a polynomial P satisfies P(x)T = 0, one factors P and applies the preceding point-
support statements. In particular, if the distinct real roots are a;, with multiplicities m;, then
every such distribution is a finite linear combination of

’ (mj-1)
AP

4.7 Tempered distributions

Ordinary distributions are controlled on each fixed compact set, but the constants and the number
of derivatives may depend on that compact set. Tempered distributions impose a single global
condition and therefore behave well at infinity.

For p € N, introduce the Schwartz seminorm

No(¢)=sup > [x*dFp(x)].

S lal+1plsp
The Schwartz space S(R™) consists of the smooth functions for which every N, is finite.

Definition 4.7 (Tempered distribution). A distribution T is tempered if it extends continuously
to S(R™). Equivalently, there are constants C > 0 and p € N, independent of the support of ¢,
such that

KT, §)| < CNp ()
for every ¢ € CZ°(R™). The space of tempered distributions is denoted S’(R™).

4.8 Problems

Problem 4.1. Let
R? := {x =, x5) R : x4 > 0}.

Suppose that
ueC’RYHYNCRY), Au=0 inRY,

and that u(x) — 0 as |x| — oo. Prove the maximum principle on the upper half-space:

supu = sup u(x’,0).
R_d x’eRd4-1
d

Solution. For R > 0, set
Sg := R N B(0, R).
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The maximum principle on the bounded domain Sg gives

supu = sup u = max 4 sup u(x’,0), sup u(x)

SR 95k *a=0 xeR%
< +
|x'|<R Ix|=R

As R — oo, the second term tends to 0. Moreover, u(x’,0) — 0 as |x’| — oo, so sup,, u(x’,0) > 0.
Hence

supu < sup u(x’,0).

R_i x’eR4-1

The reverse inequality is immediate because JR? c R%. m]

Problem 4.2. Let m > 3, and let N be the Newtonian fundamental solution normalized by
AN =8y, IN@)| < |x["™".

Suppose that f is smooth and, for some A > 2,

|f(y)| < |y|_A for large |y|

(a) Show that the Newtonian potential

u(x) = /R f(N(x -y)dy
is well defined and smooth. For the estimate recorded in the calculation,
()] S x4+ |x],

determine the conditions on B under which its weighted right-hand side tends to zero as
|x| = o0, and as |x| — 0.
(b) Let _
T = diag(1,...,1,-1), fi=foT,
and let v := N * f. Prove that
v(x) = u(Tx).

(c) Suppose in addition that f = 0 on the lower half-space {x,, < 0}. Show that w := u —v
solves

Aw=f inRY,
w=0 ondRT.

Solution. (a) Fix x € R™. Near the singularity, for sufficiently small 6 > 0,

dy
|m—2

NG =) dy <|Fll wne. -
e NG =10 5 Wy

B
= C/ r2 =l dqr < 62
0
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For R > 2|x|, the tail satisfies
/ |f(y)N(x - y)| dy < / r=Ap2mmpm=l 4y
R"\B(0,R) R

(&) RZ—A
_ 1-A 3., _
—/R r dr—A_2<00.

The remaining region is compact and avoids the singularity, so u(x) is well defined.
For the first derivatives,

X; 1
W, |0iN(x)] <

diN(x) = ¢y (2 —m) |x|m—1'

Consequently,
5
[ JfwanNe-ylaysc [ arss,
B(x,0) 0

whereas at infinity
00 Rl—A

® -A_1-m_ m-1 -A
r oMy dr = / r—dr = < 00,
A i e

Thus differentiation under the integral sign gives u € Cl. Although

10iiN(x)| < [x|™™

is not locally integrable, the Newtonian-potential theorem gives Au = f; local elliptic regularity
then yields u € C* where f is smooth.

The displayed weighted estimate gives
el P GOl S 17274 4 P
Its right-hand side tends to zero as |x| — oo provided
B<A-2, B < -1,
and it tends to zero as |x| — 0 provided the opposite inequalities hold:

B>A-2, B> -1.
(b) Since T is orthogonal, |detT| = 1, and N is radial. Therefore, withz =Ty,
v(x) = /R (T = y)N(y)dy
_ /R f(Tx-2)N(Tz)dz
= | f(Tx=2)N(z)dz = u(Tx).

(c) If x, = 0, then Tx = x, and part (b) gives

w(x) =u(x)—ov(x) =u(x)—u(Tx) =0.
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Moreover, _
Au = f, Av=f=foT.

For x,, > 0, the point Tx lies in the lower half-space, where f vanishes. Hence f(x) =0, and

Aw=f—-f=f inR}.

Problem 4.3. Write z = x +1iy, and let
D:={zeC:|z|] <1}, D*:=D\ {0}.
(a) If f and g are analytic, show that

u(x,y) = f(z) + g(z)

is harmonic.
(b) Suppose

(o]

F(O) = Z cmel™?, i lem| < oo.

m=—oo m=—oo

Construct the harmonic solution of the Dirichlet problem in D with boundary value F, and
prove uniqueness.

(c) Show that the same boundary-value problem is not unique in the punctured disk if no
condition is imposed at the origin.

(d) Suppose w is harmonic in D, vanishes on dD, and satisfies, uniformly in 6,

w(r, 0)

log(rz) —0 asr — 0.

Prove that w = 0.
(e) Prove that the solution constructed in part (b) is the unique solution on D* satisfying the
condition in part (d).

Solution. (a) Analyticity gives f, ¢ € C2. Since
axxu = f”(Z) + 8"(5)

and
ayyu — iZf//(Z) + (—i)zg"(E) — _f//(z) _ g//(z)/
we obtain Au = 0.

(b) Define

[e¢]

u(r,0) := Z ™™o

m=—00
Splitting the nonnegative and negative modes gives

[ee]

o0
u(r, 0) = Z cr™el™0 4 Z C_pyr™eTimo
m=0

m=1
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= i cmz™ + i c_mz™
m=0 m=1
= f(z) + g(2).

The absolute summability of the coefficients makes f and g analytic in D, so part (a) shows that
u is harmonic. Moreover,
u(1,0) = F(0).

The maximum principle applied to the difference of two solutions gives uniqueness in C(D) N
C%(D).

(c) For any ¢ € R, set
ug(r,0):=u(r,0)+¢ log(rz).

Then
ue(1,0) =F(@0),
and
dylly = 0yU + §, Oprlly = Oppll — 2—;
7 r
Thus

1 1
Ol + =0yl + —289(9115 =0 in D",
r r
Different values of ¢ therefore give different harmonic solutions with the same boundary value.
(d) Fix ¢ > 0. The hypothesis gives 0, € (0,1) such that
|lw(de, 0)] < ¢ |10g(6%)| for every 0.

On the annulus 6, < r < 1, the functions =w(r, ) —¢ |log(r2)| are harmonic. They are nonpositive
on both boundary circles, so the maximum principle gives

|w(r, 0)] < e |log(r2)| (0e <r<1).

For fixed r > 0, choose each 6, < 7, as the limiting hypothesis permits, and let ¢ — 0. Then
w(r,0) = 0. Hence w = 0 in D*.
(e) The solution in part (b) satisfies

(o]

u(r, )l < Y lew] < oo,
m=—o0
Therefore
_u(r, 0)
lim =
r—0 log(r2)

uniformly in 6. If v is another solution with the same boundary value and the same behavior at
the origin, then w = u — v satisfies part (d), so u = v. O



Chapter 5

Sobolev Spaces, Fourier Analysis, and
Elliptic Regularity

5.1 Sobolev spaces

Let1 < p < coand let k € Zso. The Sobolev space W*?(R™) consists of all functions u € L%OC(R’”)
such that the weak derivative d*u exists and belongs to L7 (R") for every multi-index a with
la| < k.

The norm is

1/p
> / °u@)P dx| , 1<p<oo,
laj<k " F" (5.1)

llullwrr ==
% ulles, p=oco.
|| <k
Thus
Uy — u  in WP — |un — ullpyry — 0.

Theorem 5.1 (Completeness of Sobolev spaces). For every k € Zsqand 1 < p < oo, WKP(R™) isa
Banach space.

Proof. The expression in (5.1) is a norm. Let (u,) be Cauchy in WP For every |a| < k, the
sequence (d%u,) is Cauchy in LP. Completeness of L? gives a function u, € L? such that

0“u, — u, inlL”.
In particular, for the zero multi-index,

Uy, — ug=:u inLP.

It remains to identify u, as the weak derivative of u. Take ¢ € CZ°(R™). Strong L? convergence
implies convergence against this test function, and therefore

(@*u, ) = (-1)"(u, 9" p)

43
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= (=Dl lim (u,, 9% @)
= lim (aaunz (P> = <ua/ (P>

Hence d%u = u, € L? for every |a| < k, so u € WX, The convergence of all these derivatives
gives 1, — u in WkP, O

5.1.1 Approximation by smooth functions

Theorem 5.2 (Density of compactly supported smooth functions). If1 < p < oo, then C(R™) is
dense in WEP(R™),

Proof. Choose a standard mollifier ¢ € CZ°(R™) and set

QOe(x) = €_m§0(x/€), U = U*Pe.

Then u, € C*(R™). For |a| < k, differentiation of the convolution, followed by the definition of a
weak derivative, gives

9"u(x) = /R u(y) dype(x —y) dy
= (-1l /Rm u(y) Iy pe(x — y) dy
= [ g =) dy = @)+ g (o)
Since 8%{ € Lp,
“u, — “u inLP (la| < k).

Consequently u, — u in WP,

Mollification makes a function smooth, but does not give compact support when u is not
compactly supported. We therefore add a cutoff. Choose p € C°(R™) with p = 1 near the origin,
and set

pr(x) = p(x/R), R — oo,

If v € C*(R™) N WEP(R™), then vg = vpr € C2(R™). For the first derivatives,
8]'01{ = (ajv)p[{ + vaij.

Dominated convergence gives (d;v)pr — d;v in L?, while v djpr — 0in L?. Applying the same
argument to the higher-order Leibniz formula yields vg — v in W*?. Combining this cutoff with
the mollification completes the proof. m]

Corollary 5.3. The Schwartz space S(R™) is dense in W*P(R™) for 1 < p < oo.

Proof. This follows immediately from

C®(R™) c S(R™) c WrP(R™).



5.2. The critical Sobolev exponent 45

Remark 5.4. The notation
Hl(Rm) — Wl,Z(RM), Hk(Rm) — Wk,Z(Rm)

is standard. These are Hilbert spaces. For instance,

(u,v)m = /m (u5+Vu %) dx.

5.2 The critical Sobolev exponent

Assume throughout this section that 1 < p < m. We seek an estimate of the form
lulls < ClIVullr,  u € CZR™), (5.2)
where C does not depend on u.
5.2.1 Scaling motivation
If an inequality such as (5.2) is possible, scaling forces a specific value of 4. Fix a nonzero

u € CX(R™) and define
uy(x) = u(Ax), A>0.

[l ax == [ up ay,

/ |[Vu,|P dx = /\p/ [Vu(Ax)|P dx
m Rm

= [ VuP dy.
Rm

Changing variables gives

and

Thus (5.2) applied to u; would imply
lulle < CATPHA)| V|

If1-m/p+m/q+#0,sending A to either 0 or co gives a contradiction. Therefore

1.1 1
g p m
Definition 5.5. For 1 < p < m, the Sobolev conjugate of p is
m
p = m—_pp
Equivalently,
L=l e
p-pr m

The scaling calculation shows that (5.2) can hold only for g = p*.
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5.2.2 The Gagliardo-Nirenberg-Sobolev inequality

Theorem 5.6 (Gagliardo-Nirenberg—Sobolev inequality). Let 1 < p < m. There is a constant
C = C(m, p) such that

[l oy < ClIVat |y @) (5.3)
for every u € C°(R™).

Remark 5.7. Compact support is essential in this homogeneous form. The constant function u =1
has zero gradient but does not belong to LP"(R™).

Proof. We begin with p = 1 and illustrate the argument in dimension m = 3. Since u has compact
support, the fundamental theorem of calculus gives

X1

u(x1, %2, %5)| < / 101151, %2, x3)] ds1
—00

< /R|VM(51,X2,X3)| dsi.
The corresponding estimates in the x; and x3 directions also hold. Define
Ai(x2,x3) = /R [Vuu(s1, x2, x3)| ds1,
Ax(x1,x3) = /R [Vu(x1, 52, x3)| dsa,
Asz(x1,x2) = /R [Vi(x1, x2, 53)| dsa.
Multiplication of the three one-dimensional estimates yields

lu(xr, x2,x3)|%/% < A1 (x2, x3)/2An(x1, x3) /2 Az (1, x2) 2.

Integrate first in x1, then in x», and finally in x3. Repeated use of Holder’s inequality with
exponent 2, together with Fubini’s theorem, gives

3/2
/|u|3/2dx$(/ |Vu|dx) .
R3 R3

lullisgey < IVitlliags).

Therefore

The same argument in R™, using generalized Holder inequality with exponent m — 1, gives

”u”Lm/(m—l) < Cm”VM”Ll (54)

Now let 1 < p < m and apply (5.4) to |u|”, with yy > 1. We obtain

(m=1)/m
(/ D) dx) < Cu [ 9(u) dx
m Rnl
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< Cuy /R 1|V dx

(p-1)/p
< Cuy (/ |u|(7—1)p/(p—1) dx Ve[

Choose y so that the two powers of |u| agree:

(y-Vp _ ym
p-1  m-1
This gives
-1
_pmm) oy m P
m-—p m-1 m-p

After cancelling the resulting power of ||u||;+, we find

(m = 1)
lull < Cu= E— 1V ulhr,

which is (5.3) with a constant depending only on m and p. m|

5.2.3 Interpolation consequences

Corollary 5.8. Let 1 <p <m,1<qg<o00,and0< 0 < 1. If

1 6 1-6
— = — + _,
rop q
then
luller < CONVllS, llulll;® (5.5)

for every u € CP(R™), with the usual interpretation at the endpoints.
Proof. Since1 =r0/p* + r(1 — 0)/q, Holder’s inequality gives

/ lul|" dx:/ |79 u| =9 dx
Rm Rm

0 1-6
< a7 759,

Take the rth root and apply (5.3). m]

The notes also record a higher-order Gagliardo-Nirenberg interpolation inequality, although it
will not be used here. Let the ambient dimension be 1, let 0 < j < £, and write

o = (D Uar=j, 9= (0 U)ja)=c-

L aot-2)eo(t-4),
r [] n p n

If
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then, under the standard admissibility conditions on the exponents,

luller < ClOPullf7110ullp,. (5.6)

In particular, the first Sobolev inequality gives the continuous embedding
WP (R™) — LP'(R™), 1<p<m,
after approximation by compactly supported smooth functions.

Example 5.9 (The case m = 3 and p = 2). Here p* = 6, so
lullioms) S NVielliags).-

Suppose u, € CX(R?) and sup,, ||Vuy, |2 < co. If u, converged almost everywhere to a nonzero
constant ¢, Fatou’s lemma would give

/ |c|® dx < liminf||un||g6 < liminf ||Vun||g2 < o,
Rf} n—0o0 n—oo

a contradiction. Hence such a sequence cannot converge almost everywhere to a nonzero constant.

If in addition ||Vu,||;2 — 0, then u, — 0 in L®. Consequently a subsequence converges to zero
almost everywhere.

5.3 Schwartz functions and tempered distributions

Definition 5.10. The Schwartz space is
S(R™) = {(p € C®(R™) : Ny(p) < oo for every r > O} ,

where

N, (¢) := sup Z Ix* P (x)).

XER™ ol 1Bl<r

Thus a Schwartz function is smooth and, together with all its derivatives, decays faster than any
polynomial as |x| — oco. Since
CZ(R™) c S(R™),

duality reverses the inclusion:
S'(R™) c D'(R™).
The elements of S’ are called tempered distributions.

A distribution T € D’ has, on every ball, an estimate of the form

KT, @)l < Crllpllen, ¢ € CZ(Br(0)).

If the order N can be chosen independently of R and Cr grows at most polynomially in R, then
T extends continuously to S and therefore belongs to S’.

Example 5.11. Every f € L, (R™) defines a distribution in ©'. If f grows at most polynomially,
it defines a tempered distribution. Exponential growth need not be tempered: for example, e* on
R belongs to O’ but not to S’.
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5.3.1 The Fourier transform on the Schwartz space
For f € S(R™), define
f&) = / f(a)e 2 dx. (5.7)
R‘Vll
Integration by parts and differentiation under the integral sign give
O f(&) = 2mi & f (&), (5.8)
— 1 ~
xif(&) = e de; f(E). (5.9)
More generally,
||
— 1 —~
a)p = | -—— a i 5)P
X F(E) ( m) 2 (erie) f(o)). (5.10)
These identities show that
F : S(R™) — S(R™).
The inverse transform is
fY(x) = / e?NEF(E) dE, (5.11)
Rm
and Fourier inversion states R
(' =f
With respect to the L? inner product,
Fr=F"
For a > 0, the Gaussian is transformed into another Gaussian:
el () = a2 IR, (5.12)
Plancherel’s theorem gives
£ lle2 = 112 (5.13)

The Fourier transform consequently has the following extensions:

F L' — L™, F L — L? F:8 —S.

The second extension follows from Plancherel and density of S in L?; the third is defined by

duality.

5.4 Fourier-defined Sobolev spaces
For u € HY(R™), Plancherel and (5.8) give

[ e arleP) P de < o,

(5.14)

The factor 4% is harmless for norm equivalence. This suggests the following definition for every

real order.
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Definition 5.12. For s € R, the space H°(R™) consists of those u € S8’(R™) for which u is
represented by a locally square-integrable function and

lulf = [+ PP REP dE <o (5.15)

When s < 0, elements of H® need not be functions; the definition is therefore made inside
the tempered distributions. When s > 0, the weight is at least one, so every element of H® is
represented by an L? function. If s = k € Zs, then

Hk (Rm) — Wk,Z(Rm)

with equivalent norms. Each H?® is a Hilbert space: changing s only changes the Fourier-side
measure by the positive weight (1 + |£|?)°.

The dual of H® is H™®. Indeed, if u € H™® and ¢ € H?®, then the Fourier-side pairing and
Cauchy-Schwarz give

)< [T P

1/2
<([aswrrmpa) ([ avieprion a

= llulle=ll@lles-

1/2

Thus
(H)Y = H™.

Remark 5.13 (Polynomial growth). If P is a polynomial of degree ¢, then
IP(£)] < C1+ Calel”

A matching lower estimate ¢1|&|¢ — ¢, < |P(&)| is not valid for every polynomial in several
variables. It holds when the leading homogeneous part is nonzero in every direction, which is
the elliptic case used in Fourier estimates for constant-coefficient differential operators.

5.5 Applications to elliptic equations

5.5.1 A Fourier-transform proof of Liouville’s theorem

Classically, a bounded harmonic function on all of R™ is constant. Fourier analysis gives another
proof for a tempered distributional solution. Suppose

Au =0 inS'(R™).

Then —
Pu(&) = —(2n)2E%u(E),

and hence

Au(&) = —2n)? | (E) = 0.
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It follows that u is supported at the origin. A distribution supported at one point is a finite sum
of derivatives of the Dirac mass:
il\ = Z Caaaéo.
la|<N

Taking the inverse Fourier transform shows that u is a polynomial. The equation says that
this polynomial is harmonic, and a bounded polynomial is constant. This recovers Liouville’s
theorem.

5.5.2 A global H? estimate
Consider
(1-Au=f,  feL*R™), ueS®R"). (5.16)

Taking Fourier transforms gives

(1+4m2EP) (&) = £(&),
and therefore

o f©
We) = T

Since 1 + |£|? is comparable to 1 + 47%|&|?, we obtain

(5.17)

Il = [ (e lePrIme)P de
<c [ 1R as =Clfik.

Thus u € H*(R™) and
lullgz < CIIf llz2- (5.18)

5.5.3 Localization

On a bounded domain, the global Fourier transform is not directly available. A cutoff reduces an
interior question to the global estimate above. Suppose

Au=f inQ, fel?Q), ueHY Q).
We want to prove that u € leo [(Q).

Choose x¢ € Q and a smooth cutoff ¢ € CZ°(Q) which equals 1 near xy.

supp ¢ € Q

Figure 5.1: A cutoff equal to one near x( localizes the equation inside Q.
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The product rule gives
Aup)= fo+2Vu - Vo + ulg. (5.19)

Equivalently,
(A=1)(up)=2Vu-Vo + ulhp + fo —ue. (5.20)

Every term on the right belongs to L?(R™) after extension by zero, because u € H, f € L2, and ¢
is smooth and compactly supported in Q. Applying the global H 2 estimate to u@ gives

up € H*(R™).
Since ¢ = 1 near xo, we conclude that

2
u e HlOC

(€2).

5.6 Problems

Problem 5.1 (Order of some distributions). Determine the order of the following distributions.

(a) The Dirac mass 69 on R.
(b) The principal-value distribution p.v.(1/x) on R.
(c) Let (x;)m>1 be a sequence of distinct points in (0, 1) such that x,, — 0, and define

T = i Moy
m=1

Show that T is a distribution on (0, 1) but has no finite order.
Solution. For (a), if ¢ € CZ°(R), then

(60, &) = [60)] < ||| -
Thus 6¢ has order zero.

For (b),
or®) * ¢(x) — P(-x)
(p.v.(1/x),¢):/0 " dx.

If supp ¢ C [-¢, {], the mean-value theorem gives

(p-v.(1/2), 9)| < 2¢ [[0:] -

Hence p.v.(1/x) has order at most one. To see that its order is not zero, choose ¢, € CZ((0,2))
such that
0< o, <1, ¢ =1 on|2¢,1].

Then ||q,‘)g||Loo =1, whereas
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Therefore p. v.(1/x) has order exactly one.

For (c), every compact set K & (0, 1) contains only finitely many of the points x,,. Consequently,
for ¢ € CZ(K),

(T,0) = > (~1)"Or(xn),

xm €K

and this finite sum is bounded by a constant times a finite CN seminorm of ¢. Thus T € D’((0, 1)).

The distribution 9’ 0y,, has order exactly m. It has order at most m by its definition. If it had
order at most m — 1, take n € CZ((—1, 1)) with 97'1(0) # 0 and set

X — X )
. .

e = e

For sufficiently small ¢, these functions have support in a fixed compact neighborhood of x,,;
their derivatives through order m — 1 tend uniformly to zero, but d¥' 1. (x,,) = d¥'n(0). This is a
contradiction. Finally, a small neighborhood of x;, containing no other x; restricts T to d}'y,,.
Since m is arbitrary, T has no finite order. m|

Problem 5.2 (Distributional antiderivatives). Let I = (a,b) and let f € LY(I).

(a) Show thatif T € D’(I) and 9, T = 0, then T is a constant distribution.
(b) Find all distributional solutions of d,T = f on I.

Solution. For (a), a distribution on an interval whose distributional derivative vanishes is constant.

For (b), set .
F(x) :/ f(t) dt.

For every ¢ € C°(I), Fubini’s theorem and the fundamental theorem of calculus give

b X
<8xF,qb>:—/g (/a f(t) dt)axqo(x) dx

_ _/ab £(6) (/tb 9 (x) dx) dt

b
=~ [ £0(6®) - o00) dr

= [ ftro0 ar = (5.0),
because ¢(b) = 0. Thus dF = f. If T is any other solution, then dy(T — F) = 0, so part (a) yields
T=c+F, c €R.
These are all the solutions. O

Problem 5.3 (Difference quotients and mollification). Let 1 < p < oo and let u € Wé’p 0,1).
Extend u by zero to R, and for i # 0 define
u(x +h)—u(x)
p )
Let p € CX((—1,1)) be nonnegative with [, p = 1, and put p.(x) = e lp(x/e).

Dyu(x) =
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(a) Prove that, for w € WP (R),
IDrwllr@) < 0xwlipr, -

(b) Prove that u * p, — u in WP(R) as ¢ — 0.
(¢) Prove that Dyu — dyu in LP(R)as h — 0.

Solution. For (a), first take w smooth. The fundamental theorem of calculus gives
1
Dyw(x) = / oyw(x + th) dt.
0

Equivalently, pairing with a test function and then using density in the dual space gives

1.1
wep p

((Duew, )] < l19xwlli [lg]

Therefore, by duality,
IDhwlpy < [lOxwl|py -
Approximation extends the estimate to every w € WP (R).

For (b), a change of variables gives

(0xpo)) = [ pux - ez) dz,
and hence
04 po)) = o) < | o)t = e2) - u()] d.

By Minkowski’s integral inequality,

||u>epg—u||U, S/Rp(z)Hu(cdot—ez)—uHLp dz.

The integrand tends to zero by continuity of translations in L¥ and is bounded by 2p(z) ||u||;».
Dominated convergence therefore yields

u+pe — u in LP(R).
Moreover, differentiation commutes with convolution in the distributional sense:
D+ pe) = 1+ (epe) = (D) * pe.
Applying the same L? argument to dyu proves convergence in W (R).
For (c), choose u,, € C2((0,1)) such that u,, — u in W"?(R). For fixed m,
Dyuy — dyuy,  in LP(R) (h — 0).
Using part (a),

IDru = dxully < IDp(u = wm)llpe + IDptim — Oxtim|lpy + | 0xtim — Ixtal|pp
<2 ”ax”m - 8xu|lLﬂ + ”Dhum - ax”m”LP .

First choose m large and then let 1 — 0. It follows that
Dyu — dyu in LF(R).



5.6. Problems 55

Problem 5.4 (Periodic Poincaré inequality). Let L > 0, and set
Hper(0,L) := {u € H'(0,L) : u(0) = u(L)} .

(@) Ifu e Héer(O, L) and

1 L
Z/o u(x)dx =0,

show that

L
lull 20,1y < 7 lloxull 20,1 -

(b) Foru € H;er(O, L), define

1 /L
Upy 1= E/o u(x)dx.

Show that
L
I = savlli20n) < 5 9xullz) -
Solution. For part (a), first let u € CI‘;‘ér([O, L]) have zero average. With

em(x) = e2nimx/L’

write

u(x) = Y anen(x),  deu(x)= > cmen(x).

mez mez

Both series converge uniformly. Their coefficients are

1 (L . 1 b .
p = —/ u(x)e 2mmx/L gy, Cm = —/ Ayt (x)e 2mMmx/L gy
L 0 L 0

Integration by parts and periodicity give

1 : 2mim [t ,
Cm = Z [u(x)e—mex/L](L)+ lem/o u(x)e—mex/L dx

B 2nima
= =7

Since ag = 0, Plancherel’s identity yields

1 [t 2 . 2
L[ R dx =

m=#0
< Z m? |am|2

m#0

L? , L2171 [t )
—HT;;CM —41—7_(2[/0 |dxu(x)|” dx.

The claimed estimate follows. Approximation by smooth periodic functions, with the averages
subtracted from the approximants, extends the estimate to every zero-average u € Hlljer(O, L).
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For part (b), let
U= U — Ugy.

Then u has zero average and du = dyu. Part (a) therefore gives

— L
lu = vaylli20,) = Ul 200,y < . lldx 1l 120, -

Problem 5.5 (Uniform convergence of a sine series). Let (a,,)n>1 C C satisfy

(o)
Z m2 |am|2 < OO,
m=1

and define

N (anx

un(x) := Z ay, sin

m=1

) , 0<x<L.
Show that (1) converges uniformly on [0, L] to a continuous function u, and that #(0) = u(L) = 0.

Solution. By the Cauchy-Schwarz inequality,

o0 o 1/2 | o 1/2
Z lam| < (Zl m? |am|2) (Z %) < 0.
m=

m=1 m=1
Consequently, if N > M, then

N
sup un(x) —um() < D lanl.

x€[0,L] m=M+1

The right-hand side tends to zero as M, N — oo, so (uy) is uniformly Cauchy. Hence uy — u
uniformly on [0, L], and

un () =@ < Y Jan] —0

m=N+1

uniformly in x. Each uy is continuous, so u is continuous. Finally, un(0) = un(L) = 0 for every
N, and uniform convergence gives
u(0) =u(L) =0.



Chapter 6

Poincaré Inequalities, Compactness, and
Weak Elliptic Problems

This chapter develops four tools that are used repeatedly in elliptic partial differential equations:
Poincaré inequalities, zero-boundary Sobolev spaces, Rellich compactness, and the Lax-Milgram
theorem. Unless stated otherwise, U C R™ is a bounded open set with C! boundary.

6.1 Sobolev functions on bounded domains

The global Sobolev inequality on R™ is transferred to a bounded domain by extending functions
across the boundary.

Theorem 6.1 (Smooth approximation up to the boundary). Let k € Z>9, 1 < p < oo, and
u € WEP(U). There is a sequence u,, € C®(U) such that

Uy, — u  in WeP(U).
Here C*®(U) denotes restrictions to U of functions smooth on a neighborhood of U.

Theorem 6.2 (Extension theorem). Let V be any bounded open set with U C V. There is a bounded

linear ma
Y E: W'Y(U) — WYP(R™)

such that, for every u € WP (U),
Eu=u ae onl, supp(Eu) C V,

and
IEullwir@gmy < Cllullwirw) -

The constant depends on p, U, and V', but not on u.

For first derivatives, the extension theorem and convolution with a mollifier give the preceding
approximation theorem; the higher-order argument is analogous. Extension also gives the
domain version of the Sobolev estimate.

57
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Theorem 6.3 (Sobolev estimate on a bounded domain). Suppose 1 < p < m, and define

«_ _mp

1
prp m Ar—
Then

Nl < C llullwry

for every u € WLP(U).

Proof. Bxtend u to u = Eu € WY (R™) with compact support. Choose u, € C2(R™) with u,, —
in W17 (R™). The global Sobolev inequality gives

lun — el @my < C IV (un = we)|lp@m) -
Hence (u,) is Cauchy in L¥", and passage to the limit yields
Nl @y < C lullwrpgny < Cllullwrry -
Restriction to U proves the claim. O
The exponents can be read directly from scaling. If length has physical dimension L, then
lullpp ~ L™, [Vl ~ L7

Thus the homogeneous estimate is scale invariant precisely when
m _m

— =1 (6.1)
Ptop

On all of R, the homogeneous inequality requires compact support or suitable decay. Without
such a condition the constant function u = 1 is an immediate obstruction.

6.2 Zero boundary values and traces

6.2.1 Boundary values in one and several dimensions

If f € H'(R), then f has an absolutely continuous, hence continuous, representative. Indeed,

/ £(t) dt

In two dimensions, membership in H!(R?) does not assign a meaningful value at an individual
point. A codimension-one boundary value does make sense. For f € C(R?),

|f(x1) = fx2)] =

< |x1 — xo|? ||f,||L2(R)'

0
f(x1,0)? :/ 92 (f(x1,8)%) ds

0
= 2/_ f(x1,8)daf(x1,s) ds.
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After integration in x; and Cauchy-Schwarz,

1FC Olagey < 20 lzqeay 192 lzqeay < 1A s ey
Density therefore defines the trace f(-,0) for every f € HY(R?).

Theorem 6.4 (Trace on a coordinate subspace). Write (x, y) € RY X R’. If s > r/2, restriction to
y = 0 extends to a bounded map

HYRY xR") — HPR?),  fr+—> f(-,0).
More generally, for 1 < p < oo and s > r[p, the trace loses r [p derivatives in the W** scale:

WP (R x R") —s WP (RY).

The second target is understood in the fractional Sobolev-Slobodeckij scale when s — r/p is not
an integer.

6.2.2 The space W&’p(LI)

Definition 6.5. The zero-boundary Sobolev space is

1, —— W)
w7 (U) == ce(U) .

In particular,

Hy(U) = W, (U).

——Wkr(u
More generally, Wg Py = ce) ( ). On the whole space, compactly supported smooth

functions are dense:
WP (R™) = WhP(R™).

On a bounded domain, Wé( PU)is generally a proper subspace of Wkr ().

For a C! domain, this agrees with the kernel of the trace map:

WP (U) = {u e WP(U) : Tru =0 on JU } .

Ifue W& ’p(U), its extension by zero,

belongs to W17 (R™). The weak derivatives do not acquire a boundary measure because the trace
of u vanishes.

Theorem 6.6 (Homogeneous estimate on Wg’p ). Let1 <p <m. Foreveryl < q <p~,

1,
||“||Lq(u) <C ||Vu||Lp(u)/ ueWw, p(u)-
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Proof. Take u, € CX(U) with u, — u in W'(U), and extend every u, by zero. The global
Sobolev inequality gives
||Mn||LP*(u) <C ||Vun||Lp(u)-

Passing to the limit proves the endpoint g = p*. Since |U| < oo, Holder’s inequality gives every
1<qg<p O

In particular,
1,
||”||wl,p(U) = ||Vu||Lv(u) on W, ().

For p = 2, the right-hand side defines the equivalent Hilbert norm used for the Dirichlet problem
below.

6.3 Compact Sobolev embeddings

The Sobolev embedding at the critical exponent is continuous but is not compact. Compactness
is recovered strictly below p*.

Definition 6.7. Let X and Y be Banach spaces with X C Y. The notation X < Y means that the
inclusion is continuous. The notation X << Y means that the inclusion is compact: every
bounded sequence in X has a subsequence converging in Y.

Theorem 6.8 (Rellich compactness). Suppose 1 < p < m. Then

WIP(U) << LI(U)  forevery1 < q <p".

Proof. Let (u,) be bounded in W!#(U). By the extension theorem, we may regard every u, as a
function on R™, with all supports contained in one bounded open set V, and with

sup |[unllwrp@m) < oo.
n

Let n € C(B1(0)) be a standard mollifier, set ,.(x) = e 7" n(x/¢), and write u§ = 1 * uy,.

The fundamental theorem of calculus along line segments gives

w0 =) = [ )= e2) - () dz

B1(0)

1
= —e/ n(z)/ Vu,(x —tez) -z dt dz.
B1(0) 0

Fubini, translation invariance, and Holder’s inequality on the fixed set V imply

||ufl - unnLl(Rm) < Ce ”Vun“Ll(Rm) < Ce.

The Sobolev inequality gives a uniform L¥" bound. Fix 1 < q < p*, and choose 0 < 6 < 1 so that

1:E)+1_*6.
q p
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Interpolation yields

0 1-0 0
oy = nllpe < Ny = wnllfy luy, —unll - < Ce”,

uniformly in 7.

This smoothing estimate is the averaged form of the translation bound used in the lecture. For a
Sobolev function on R",

/ lu(x +h) — u(x)]P dx < |h|p/ [Vu(x)P dx.
RVH Rn’l

It follows from u(x + h) — u(x) = fol Vu(x + th) - h dt and Holder’s inequality.

For fixed ¢ > 0, the family (u;,) is uniformly bounded and equicontinuous. Indeed,

50| < [|nell, o anll < Co,
and
| (x) — ui(y)] < IVl Jx = y] < Celx =y

Their supports lie in a fixed bounded set. Arzela—Ascoli therefore produces a uniformly
convergent subsequence for every fixed ¢.

Choose a sequence ¢ | 0 and apply a diagonal argument. The resulting subsequence, still
denoted (u,,), is Cauchy in L9: for fixed k,

€k

j

€k _ 4, €k
M]- Mt,

‘|

;= el < s - R

L1

First choose k so that the first and third terms are small, and then choose j, { large so that the
middle term is small. Thus the subsequence converges in L9(U). m]

Remark 6.9. The embedding W'7(U) < L* (U) is generally not compact. On a bounded C!
domain, however, W' (U) << L?(U) holds for every 1 < p < oo. For p > m, this follows
from the Holder regularity supplied by Morrey’s estimate; for p = oo, bounded sets in W are
uniformly bounded and equi-Lipschitz.

6.4 Poincaré inequalities

For u € LY(U), write

uy :=]iu(y) dy = ﬁ/uu(y) dy.

Theorem 6.10 (Poincaré inequality). Suppose U is connected. For every 1 < p < oo, there is a constant
C = C(U, p) such that
lu —uullry < ClIVUllp @)

for every u € WLP(U).
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Proof. We first take 1 < p < m, which is the range used in the compactness argument above. If
the estimate were false, there would be u,, € W7 (U) such that

lun — (un)ll”LP(u) > 1|V || pp -

Normalize by setting

_ uy — (Un)u
Uy = .
oy — (“n)U”Lr(u)
Then .
”vn”LP(u) =1, (on)u =0, ||an||m(u) < P

Thus (v,) is bounded in W' (U). Rellich compactness gives a subsequence converging in LP(U)
to some v. For every ¢ € C°(U),

<v,8i(p> = T}E)rolo <Un,aiq0> = —nlgl’(}o <(9iUn/ (P> =0.

Hence d;v = 0 weakly for every i. Connectedness gives that v is constant. Since vy = 0, we have
v = 0, contradicting ||o||p ) = 1.

The remaining finite exponents follow from the corresponding compact embedding W1 (U) <<
L?(U), with the same contradiction argument. If p = oo, extend u to Eu € WL *(R™). Its Lipschitz
representative satisfies

() —u(y)| < Clx = y[IVull oy (x,y € U).
Averaging in y gives the asserted L™ estimate. m]
This gives a useful Hilbert space for the Neumann problem:
HY(U) := {u e H(U) : uy =0} .

On HY(U),
lullg == IVl 2

is a norm equivalent to the ordinary H! norm.
6.4.1 The scale of the inequality on balls
For a ball B,(xy), scaling the unit-ball estimate gives

”M - uBf(xO)”LF’(By(xo)) < C(m/ p)?’ ”Vu”LP(B,(xo)) : (62)

Indeed, set v(y) = u(xo + ry) on B1(0), apply the unit-ball inequality, and change variables back
to x.

The line-segment calculation behind this estimate is

P
u(xo + pw) — u(xg) = / oru(xg + sw) ds,
0
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followed by integration in polar coordinates. The geometry is the one shown below.

0)

Figure 6.1: Integration along a radial segment in a ball.

Combining Poincaré with the Sobolev estimate yields the Poincaré-Sobolev form

”” - ”By(xO)HLv*(B,(xO)) < C(m, p) ”V””U’(Br(xo)) 4 L<p<m.

The absence of r here agrees with the dimensional identity (6.1).

6.5 The Lax-Milgram theorem

Let H be a real Hilbert space. A bilinear form B : H X H — R is bounded if
1B(u, )| < Mlullg ol

and coercive if
2
B(u,u) 2 cllully

for constants M < oo and ¢ > 0.

Theorem 6.11 (Lax-Milgram). Let B be a bounded, coercive bilinear form on H. For every F € H’,
there is a unique u € H such that

B(u,v) = F(v)  foreveryv € H.
Moreover,
luller < ¢ I Nlgr
Proof. By the Riesz representation theorem, there is a bounded operator A : H — H such that
B(u,v) = (Au,v)y .
Coercivity and Cauchy-Schwarz give
c llullyy < (Aw, uhy < lAuly llully,

SO
lAully = cllully -

Thus A is injective and its range is closed. If y L Ran A, then 0 = (Ax, y> y = B(x,y) for every
x € H. Taking x = y and using coercivity gives y = 0. Hence the range is dense as well as closed,
and therefore A is onto. The equation B(u, v) = F(v) is now the Riesz form of Au = f, which has
a unique solution. The same coercive estimate gives the stated bound. m]
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6.6 Weak solutions of elliptic boundary-value problems

Elliptic regularity asks how much additional smoothness a weak solution inherits from the
right-hand side, the coefficients, and the boundary. Before addressing that question, one first
needs a weak solution. The existence theory in this lecture comes from Lax-Milgram.

6.6.1 The Dirichlet problem

Consider

-Au=f inl,
6.3
{u =0 on dU, (63)

with f € L?(U). Multiplication by v € H}(U) and integration by parts lead to

/Vu~Vvdx=/fvdx.
u u

This identity is taken as the definition of a weak solution. Set
H = Hé(ll), B(u,v) = /uVu - Vo dx, F(v) = /ufv dx.

The equivalent norm on Hé(ll), Poincaré’s inequality, and Cauchy-Schwarz show that B is
bounded and coercive and that F € H’. Lax-Milgram therefore gives a unique weak solution
u € H\(U).

0

For inhomogeneous data u = ¢ on dU, choose ¢ € H*(U) with trace g, and set w = u — ¢. Then
weHyU), —Aw=f+Ad.

The homogeneous theory applies to w.

6.6.2 A uniformly elliptic divergence-form operator

Let

m

Lu=- Z di(a" (x)dju),

i,j=1
where a'/ = a/' are smooth and satisfy the uniform ellipticity condition

m
> ali(x)&i& 2 AEf forevery x € U, & € R, 64)
i,j=1

for some A > 0. The quadratic expression in (6.4) is the characteristic form of the principal part.
Its positivity for every & # 0 is precisely ellipticity.
The weak Dirichlet form is

B(u,v) = / Z a'l(x)d;u djv dx.
u

i,j=1
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Boundedness of the coefficients gives
|B(u, )| < ClIVull2qry IVOll2wy -

while uniform ellipticity gives
B(u,u) > A ||w||§2(u).

Thus Lax-Milgram yields a unique weak solution in Hj(U) for every right-hand side in H~(U) =
(Hé(ll))’ , in particular for every f € L2(U).

6.6.3 The Neumann problem

Now consider

{—Au =f inU, 65)

du=0 ondl,

where v is the outward unit normal. The derivative boundary condition is natural in the weak
formulation, so the appropriate space is H'(U), not Hy(U). Integration by parts gives

/ Vu-Vo dx = / fo dx for every v € HYU).
u u

There are two obstructions to applying Lax-Milgram directly on H'(U). First, constants lie in the
kernel of the form

B(u,v) = / Vu - Vo dx,
u

so coercivity fails and solutions cannot be unique. Second, choosing v = 1 in the weak equation
gives the necessary compatibility condition

/u fdx=0. (6.6)

Assume (6.6). Work on the mean-zero Hilbert space H!(U). Poincaré’s inequality makes
lullg = IVull 2

equivalent to the H I norm, and B is coercive in this norm. The functional F(v) = [, y fodxis
bounded. Lax-Milgram therefore gives a unique mean-zero weak solution. Every other weak
solution differs from it by a constant.

Finally, suppose that this weak solution is smooth. Testing first with v € C°(U) recovers —Au = f
in the interior. Green’s identity then gives, for arbitrary smooth v,

/au(ﬁvu)v ds —/U(Au)v dx = /uvu Vo dx = /va de.

Since —Au = f, the interior terms cancel and

/ (dyu)v dS =0
ou

for every boundary trace v. Hence d,u = 0 on JdU, showing how the Neumann boundary
condition is encoded by the weak formulation.



Chapter 7

Caccioppoli Estimates and Elliptic
Boundary Regularity

The basic existence theory for weak elliptic equations gives solutions in Hé (Q). The aim of this
chapter is to recover the additional derivatives hidden in the equation. We first prove a local
energy estimate, then use difference quotients to obtain interior regularity, and finally extend the
argument to the boundary. The same ideas also apply to the Neumann problem. These are a
priori arguments: they establish properties of a solution once it exists, while potential theory
provides a separate route to constructing solutions.

Throughout, QO c R™ is a bounded, connected domain unless stated otherwise.

7.1 Weak equations and the natural test space

Consider the homogeneous Dirichlet problem
-Au=f inQ, u=0 ondQ, (7.1)

where f € L?(Q). Its weak formulation is
/ Vu-Vo dx = / fo dx for every v € Hé(Q). (7.2)
Q Q

Riesz representation, or equivalently the Lax-Milgram theorem in this case, gives a unique
ue H&(Q).

The space
H(Q) := (Hy(Q))
is the natural range of the weak Laplacian. Indeed, if u € H&(Q), then

(=Au,v) := / Vu - Vo dx
Q

defines an element of H~}(Q). Equivalently, the extension of u by zero belongs to H!(R™), and
the Fourier-transform description of Sobolev spaces gives

A: H'(@R™) — HY{(R™).

66
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There is an important test-space distinction. A distribution in H~!(Q) acts automatically on
Hé (Q), but not on all of H(Q). Thus a weak equation with test functions that need not vanish on
the boundary carries extra boundary information and must be formulated separately.

The same weak framework applies to a divergence-form equation
— d;i(a¥ (x)dju) = f. (7.3)

If the matrix A = (a'/) is bounded and uniformly positive definite, then the corresponding identity

is
/ai78ju div dx = / fo dx.
Q Q

7.2 The Caccioppoli inequality

Let B/(xp) € Br(xp) € Q. Choose a cutoff n € C°(Br(x)) satisfying

C
0<n<1, n=1lonB,(x), [|Vn|< r— (7.4)
1
A
/k \ y
xo—R Xo—r Xo+7r xXp+ R

Figure 7.1: A cutoff equal to one on the smaller ball and supported in the larger ball.

Theorem 7.1 (Caccioppoli inequality). Suppose u € HY(Q) is a weak solution of —Au = f with
f € L2(Q). Then

1 2 2
Vul> dx < C (1 + —)/ lul> dx +C dx. (7.5)
/Br(xo) (R-r)? Bgr(xo) Bgr(xo) |f|

The same conclusion holds for (7.3), with a constant depending also on the ellipticity bounds of A.

Proof. The function v = n%u is an admissible test function. Substitution into (7.2) gives

/172|Vu|2 dx+2/ nuVn-Vu dx :/fnzu dx. (7.6)
Q Q Q

Hence, by Cauchy-Schwarz and Young’s inequality,

lavullis < 2llnvall,z uvall. +llnfll null,.
1
< 5 llavallps + € luvalliz + Cllnfll: + € lnullz.
Absorb the first term on the right, use (7.4), and recall that 1 = 1 on B,(xo). This proves (7.5).

For a uniformly elliptic coefficient matrix, the left side of (7.6) is bounded below by a fixed

2
multiple of ||1;Vu||L2 ; the remaining terms are estimated in exactly the same way. m|
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The value of the estimate is that it controls one derivative of # on a smaller ball using only u and
the equation on a larger ball. Applying this idea to difference quotients will produce a second
derivative.

7.3 Interior regularity by difference quotients

Suppose
u € Hy(Q), —-Au = f e LA(Q). (7.7)

A tempting formal argument is to differentiate the equation, multiply by a cutoff times a second
derivative of u, and integrate by parts. This is not yet legitimate: the second derivative is
precisely what we are trying to prove exists, and an expression such as 9;;(7°1) need not belong
to H;(Q2). The useful estimate behind the formal calculation is to bound the highest-order term
by a small multiple of itself plus lower-order terms and then absorb the small multiple. The
difference-quotient argument below makes that procedure legitimate.

One repair is to mollify u, carry out the calculation for u, = u * p, away from the boundary, and
pass to the limit. Difference quotients give a direct weak argument.

Forl <k <mandh # 0, define

u(x + hey) — u(x)

6h,ku(x) = 2 (7.8)
If 1 is supported strictly inside Q and || is small enough, then
0= _6—h,k (1725;1,](1/[) (7.9)

belongs to Hé (Q) and is therefore an admissible test function.

The discrete integration-by-parts identity

/gé_h,kw dx = —/6h,kgw dx

transforms the left side of the weak equation into

/ Vu-Vo dx = / 5;,,]((81'11) 8i(n26h,ku) dx
Q Q
= / 1]2 |V6h,ku|2 dx + 2/ néh,k(aiu) aiT] 6h,ku dx.
Q Q
For the right side, the elementary difference-quotient estimate
[6-nxwl|> < Okl (w € Hy)

allows the terms containing Voy, xu to be absorbed into the left side. Young’s inequality then
yields the uniform estimate

/ 2 [V euf dx < C 7]} dx+c, |65 " dx. (7.10)
Q supp 7] supp 1]



7.4. Regularity up to the boundary 69

The last integral is uniformly bounded because

65 k]]2 < N1kl

Applying the first Caccioppoli estimate to 1 controls this remaining first derivative by u and f.

The difference-quotient characterization of H!, followed by weak compactness as 1 — 0, now
gives dixu € L (Q) for every i, k. Thus we obtain the following result.

Theorem 7.2 (Interior H? regularity). If u € H'(Q) is a weak solution of —Au = f and f € L*(Q),
then

2
u e H10C

(€2).

More precisely, whenever B,(x9) € Br(xp) € Q,

Z/ |0;jul* dx < C,& (/ Ik dx+/ Juf? dx). (7.11)
Br(xo) Br(x0) Br(xo)

i,j=1
The same argument can be iterated. If f € H{; C(Q), then

u € H*2(Q). (7.12)

loc

f eLXQ)

e HKQY)

Figure 7.2: Higher regularity is local: extra smoothness of f on an interior subdomain gives extra
smoothness of u there.

At each stage, difference quotients move one derivative onto the equation, and a localized
Caccioppoli estimate controls the next derivative of u. The shrinking from B to B, is essential:
translations in a difference quotient cannot be used uniformly all the way to a curved boundary.

7.4 Regularity up to the boundary

7.4.1 The flat-boundary argument

First suppose that a portion of the boundary is flat. In local coordinates write

BE:BRﬂ{xm>O}, rR:BRm{xm=0}r
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and suppose u = 0 on I'z. A translation in a tangential direction e,, 1 < a < m, respects the flat
boundary. The difference-quotient argument therefore controls

diqu €L*BY)  (1<i<m, 1<a<m).

In particular, all tangential-tangential and normal-tangential second derivatives are controlled.
The equation supplies the missing pure normal derivative:

m—1
Ot = —f — Z Dol (7.13)
a=1

Hence u € H? up to the flat part of the boundary.

Figure 7.3: A flat boundary permits tangential translations. Near a curved boundary, one first
localizes and then straightens the boundary.

7.4.2 Flattening a curved boundary

Near a point xg € d(), take a partition of unity, localize to a small coordinate neighborhood, and
choose a C? diffeomorphism
y=P(x), x =Y(y),

that sends the curved boundary to {ym = 0}. If u(y) = u(¥(y)), the chain rule gives
diu(x) = dyu(y) 9;®%(x). (7.14)

Consequently, the Dirichlet energy transforms into a divergence-form bilinear form:
m
[ oo dy,  ay) = 1) ) 08 (P)IF(r)), 715)
i=1

where J(y) = |det D\I/(y)|. The right side becomes ﬂy) = J(y)f(¥(y)). The matrix in (7.15) is
uniformly elliptic on a sufficiently small coordinate patch. Thus the flat-boundary argument for
a general uniformly elliptic coefficient matrix applies, and a finite partition of unity gives a global
estimate.
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Theorem 7.3 (Global Dirichlet regularity). Let k € Zsg, let Q2 be a bounded domain with boundary of
class C**2, and let f € HX(Q). If u € H}(Q) is the weak solution of

-Au = f,

then
u € H)(Q) n H**(Q)

and
it < € (Al + Mlla) - (7.16)

The boundary-flattening calculation naturally leads to the corresponding variable-coefficient
statement.

Theorem 7.4 (Divergence-form regularity). Let k € Zo, suppose a'l € W*1=(Q), and assume that
A = (a") is symmetric and uniformly elliptic: there are constants 0 < ¢ < C < oo such that

clEf <al(x)&:& < CIEP (xeQ, EeR™). (7.17)
If Qv is of class C¥*2, f € H(QY), and u € H}(Q) solves
—ai(aija]-u) = f,

then u € Hy(Q) N H2(Q).

7.5 The homogeneous Neumann problem

Consider
—Au=f inQ, dyu =0 onodQ. (7.18)

Integrating the equation shows that the compatibility condition

/ fdx=0 (7.19)
Q

is necessary. Constants lie in the kernel of the Neumann Laplacian, so a normalization is also
required. Write

1 _
Uo ::@/Qu dx, Hl(Q) = {UEHl(Q)ZUQZO}.

The Poincaré inequality makes ||Vv||;. an equivalent norm on H(Q). Hence Lax-Milgram gives
a unique normalized solution u € H!(Q) satisfying

/ Vu-Vo dx = / fo dx for every v € ﬁl(Q). (7.20)
Q Q

The local Caccioppoli argument is unchanged after replacing u by u — uqg. More precisely, start
with w = n?(u — ug) and use the admissible mean-zero test function v = w — wg. Constants
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disappear from the gradient, and (7.19) removes the constant from the right side. Difference
quotients then give
u € H'(Q) N HE (Q).

The flat-boundary proof did not rely on a zero trace when it estimated tangential difference
quotients; for the Neumann formulation the same tests are admissible in H L After flattening
the boundary, the same argument therefore gives u € H%(Q2) when the boundary is sufficiently
smooth.

Once this regularity is known, integration by parts makes the boundary condition explicit. Since
the compatibility condition extends (7.20) from mean-zero tests to all v € H(Q),

/fvdx:/Vu~Vvdx
Q o)
:—/Auvdx+ dyu v ds.
o) 9Q

Because —Au = f, it follows that

dyuvdsS=0 for every v € HYQ),
2Q

and hence d,u = 0 on JQ in the trace sense. Thus the weak construction indeed solves the
Neumann problem, uniquely up to an additive constant and uniquely in H!(Q).

7.6 Review checklist

The lecture closes with the following list of themes to organize the elliptic theory developed so
far.

* Know the principal model partial differential equations and which ones can be solved
explicitly or abstractly. For each problem, separate existence from uniqueness. Relevant
tools include the Cauchy—Kowalevskaya theorem and the maximum principle for harmonic
functions.

¢ Be comfortable with distributions and the Fourier transform.

* Know the elliptic regularity theory, including C* regularity and the estimates for singular
integral operators.

* Recognize when a problem is elliptic and understand the role of characteristic directions.

* Beable to state precisely which interior and boundary regularity results have been established
and which hypotheses each result requires.



Chapter 8

Boundary Conditions, Higher-Order
Elliptic Problems, and the Fredholm
Alternative

Throughout this chapter, O C R™ is a bounded domain. Whenever boundary traces or elliptic
regularity are used, the boundary and the coefficients are assumed to be sufficiently regular for
the stated operation. Repeated indices are summed.

8.1 From a coercive form back to the boundary-value problem

Consider the bilinear form
D(u,v) = / (aij diu djv + bi diuv + ¢; div u + d uv) dx. (8.1)
Q

Let X be the Hilbert space in which the weak problem is to be solved. The Lax-Milgram argument
requires constants Cq, C, > 0 such that

D(ulu) 2 Clllu”i/ (82)
ID(u, v)| < Callullxllvllx- (8.3)

Under the usual boundedness assumptions on the coefficients, (8.3) follows from Cauchy-Schwarz
and Holder whenever X is continuously embedded in H'(Q). If f € L?(Q), then

F(v) = / fo dx
Q
is a bounded linear functional on such a space. Lax-Milgram therefore gives a unique u € X
satisfying
D(u,v) = F(v) for every v € X. (8.4)

The choice of X contains the essential boundary conditions. The remaining, or natural, boundary
conditions are encoded by the form. To see them, suppose elliptic regularity gives enough

73
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regularity to integrate (8.1) by parts. Then
D(u,v) = / [-9j(aijdiu) + bidiu — di(cju) + du| v dx
Q
+/ (aijvjdiu + civiu) v dS, (8.5)
Q

where v is the outward unit normal. Thus the associated differential operator is

Lu = —d;(aijdiu) + bjdiu — di(ciu) + du. (8.6)

If C°(Q)) C X, then testing with compactly supported functions gives
Lu=f

in the sense of distributions, and almost everywhere whenever both sides are represented by
functions. Once the interior equation is known, (8.5) leaves

/ (aijvidiu + civiu) v dS =0 (v € X). (8.7)
2Q

If the traces of functions in X are arbitrary enough, this identity yields the natural boundary
condition
aijvidiu + civiu =0 on JQ. (8.8)

The role of regularity

The weak equation always makes sense at the dual-space level. If merely f € H1(Q),
one generally obtains Lu = f only as an identity in H~!(Q). Without additional elliptic
regularity, there may be too little regularity to integrate by parts again and identify the
boundary condition pointwise. Boundary conditions must then remain encoded in the
choice of X and in the weak form.

8.2 Fourth-order equations and boundary traces

For a second-order problem such as

{—Au =f inQ, (8.9)

d,u=0 ondQ,

the energy space is a subspace of H'(Q2). The normal derivative is not imposed through the
definition of H(Q); it emerges as a natural boundary condition.

The fourth-order analogue is the biharmonic equation
A*u = f. (8.10)

Its natural energy space is a subspace of H?(Q). Formally, a Cauchy problem for a fourth-order
equation prescribes normal derivatives of orders 0, 1,2, and 3 on a noncharacteristic hypersurface.



8.2. Fourth-order equations and boundary traces 75

A boundary-value problem is different: the trace theorem limits which conditions can be built
directly into the H? energy space.

For u € H?(Q), the traces satisfy
ul,, € H2(0Q),  diu|,, € H2(0Q) (1 <i<m).

In particular, d,u|yq € H/?(dQ). Second derivatives of a general H? function do not possess
an ordinary boundary trace. Consequently, zeroth- and first-order conditions can be essential
conditions in H?, whereas a condition involving Au must normally be recovered from the weak
equation after regularity is known.

8.2.1 Clamped and Navier boundary conditions

For the clamped problem
ANu=f inQ,
u=20 on dQ), (8.11)
du=0 ondQ,
both boundary conditions can be incorporated in
X =H}(Q) = {u € H(Q) : u = dyu = 0on 9Q},
where the trace characterization is understood for a sufficiently regular boundary.
Now consider the Navier, or simply supported, problem
A2y = f inQ,
u=0 on dQ), (8.12)
Au=0 ondQ.

Only the first boundary condition can be placed directly in the energy space:
X =H*(Q)NHy(Q) = {u € H*(Q) : u = 0 on dQ} . (8.13)

The condition Au = 0 must emerge from the bilinear form.

8.2.2 The even-order pattern

The same principle applies to a general elliptic equation of order 2r. In multi-index notation, a
divergence-form operator can be written schematically as

Lu= Z (=1)!*19% (anp(x)Pu) , (8.14)
el |Bl<r
with associated form
a(u,v) = Z / uaﬁ(x)8ﬁu 0%v dx. (8.15)
lalJpl<r 7€

Thus the energy space is contained in H"(€2). Boundary conditions involving derivatives of order
at most r — 1 determine the closed subspace X; the remaining natural conditions are recovered
from the weak form. This explains why an elliptic scalar equation treated by this energy method
has even order.
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8.3 The bilinear form for the biharmonic equation

Even when the differential equation is fixed, its bilinear form need not be unique. For the
biharmonic equation, begin formally with u, v € CZ(Q). Integrating twice gives

apg(u,v) = /Q Z diju djju dx = /Q(Azu)v dx. (8.16)

i,j=1
Another possibility is
an(u,v) = / Au Av dx. (8.17)
Q

For compactly supported smooth functions, both forms represent the same interior operator.
On spaces whose functions have nonzero boundary traces, their boundary terms differ. The
boundary conditions therefore determine which form is appropriate.

For a,, two integrations by parts give the exact identity

apn(u,v) = —/Qc?l-(Au)c?iv dx + /(QQ((;VU)AM ds

= / (A%u)v dx — / dv(Au)v dS + / (dyv)Au dS. (8.18)
Q Q 20Q

IfX = Hg(Q), then both v and d, v vanish on the boundary. The clamped conditions in (8.11) are
therefore essential conditions.

If instead X = H*(Q) N Hé (Q), then v = 0 on the boundary but d, v remains free. The middle
boundary term in (8.18) vanishes, and the last one forces

Au=0 on JQ.

Thus the second condition in (8.12) is a natural boundary condition, recovered after elliptic
regularity makes the traces meaningful.

One can likewise build d, u = 0 into the space while leaving the trace of u free. The corresponding
free boundary trace in (8.18) then produces d,(Au) = 0 as the natural companion. In each case,
boundary conditions and bilinear form must be chosen together.

8.4 Natural Neumann and Robin conditions

8.4.1 The Neumann condition

Return to the second-order problem

-Au=f inQ,
8.19
{8Vu =0 ondQ. 8.19)

The normal derivative cannot be encoded by the definition of an H 1 space, so take X = H Q)
and

D(u,v) = /QVu - Vo dx. (8.20)
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For sufficiently regular u,

D(u,v) = /Q (—Au)o dx + /a _(Go ds. (8.21)

The boundary term recovers d,u = 0.

8.4.2 Producing a Robin condition

For

—Au=f in Q,
(8.22)
dyu+u=0 ondQ,

the form (8.20) alone gives the wrong boundary term. The notes obtain the desired term by
adding and subtracting the same first-order expression before integrating by parts. Formally, one
writes

—Au +a;diu —a;diu = f, —a;0iu = —di(a;ju) + (d;a;)u,

and chooses which copy of the first-order term to integrate by parts.

Choose a smooth vector field a = (a1, ..., a,,) satisfying
a-v=1 on 0Q, (8.23)

and define
B(u,v) = /Q[Vu -Vou + (a;diu)v + (a;div)u + (&iai)uv] dx. (8.24)
The last three terms form a divergence:
(a;0;u)v + (a;0;v)u + (dia;)uv = d;(a;uv).
Hence the divergence theorem and (8.23) give
B(u,v) = / Vu-Vo dx+/ uv dS
Q IQ

= / (-Au)v dx +/ (dyu + u)v dS. (8.25)
o) 20

Thus the Robin condition is the natural boundary condition for B.

8.5 The pure Neumann problem and the zero-mean space

The form (8.20) is not coercive on all of H(Q): every constant function has zero energy. Indeed,
the homogeneous Neumann problem has the constant solution # = 1. Assume for now that € is
connected, and define the average

1
(w>9:@/gwdx
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and the zero-mean space
HY Q) = {w € H(Q) : (w)q = 0} . (8.26)

Every w € H'(Q) can be projected onto this space by

w=w — (w)q.

Poincaré’s inequality on the zero-mean space states that
ol < ClIVRllag — (w e HY(Q).
Consequently,

D(w, w) = /Q Vol dx = el (e A'(Q), (8.27)

so Lax-Milgram applies after the constants have been removed.

For arbitrary f € L2(Q), let u € H'(Q) satisfy
/ Vu-Vo dx = / fo dx for every v € HY(Q). (8.28)
Q Q

To recover the equation, take a smooth function ¢ and use

v=¢-{p)a € H(Q).

Since Vv = V¢, equation (8.28) becomes

[ vu-vo dx= [ flo- (o) dx
Q Q
= /Q (f = (fa)e dx. (8.29)
Thus the zero-mean weak formulation solves
-Au=f-{fa, dyu = 0. (8.30)

The right-hand side is automatically orthogonal to the null space of the Laplacian.

It follows that the original Neumann problem (8.19) has a solution if and only if

(fla=0. (8.31)

When this compatibility condition holds, the solution is unique in HY(Q). If one works in all
of H'(Q), uniqueness is lost because an arbitrary constant may be added. On a disconnected
domain, the corresponding compatibility and normalization are imposed separately on each
connected component.
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8.6 The Fredholm alternative

The Neumann problem illustrates a general linear-algebra principle. For a matrix A : R* — R",
Ran(A) = ker(A*)*. (8.32)
Therefore Ax = b is solvable precisely when
b L ker(A").

This replaces invertibility when A has a nontrivial kernel.

To extend this statement to an infinite-dimensional Hilbert space, one seeks an operator that is an
invertible operator plus a compact perturbation. After preconditioning by the invertible part, the
equation takes the form

(I-Tu=f, (8.33)

where T is compact. In elliptic problems, elliptic regularity provides a gain of derivatives, and
compact Sobolev embedding then provides the required compactness. Hyperbolic equations
do not generally have this elliptic gain of regularity, so this particular compactness argument is
unavailable there.

Theorem 8.1 (Fredholm alternative). Let H be a Hilbert space and let T : H — H be compact. Then:

(i) ker(I —T) is finite-dimensional;
(ii)
dimker(I — T) = dimker(I — T%);
(iii)
Ran(I = T) = ker(I - T*)*. (8.34)

In particular, Ran(I — T') is closed.
Consequently, (8.33) is solvable if and only if
f Lker(I-T7). (8.35)

If the homogeneous equation (I — T)u = 0 has only the zero solution, then I — T is invertible
and (8.33) has a unique solution for every f € H. Otherwise, solvability is governed by the
orthogonality condition (8.35), exactly as in the finite-dimensional relation (8.32).

8.7 Further Elliptic Theory

The preceding chapters developed weak Dirichlet problems, Poincaré’s inequality, Lax-Milgram
existence, and elliptic regularity. We now record the parts of the supplementary elliptic theory
that extend that account: negative-order data, shifted operators on the whole space, change of
type, Garding’s inequality for lower-order terms, and a useful Hessian identity.
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8.7.1 Negative-order data and shifted operators

The natural forcing space for a homogeneous Dirichlet problem is

H™(Q) := (Hy(Q))".

Its norm is |< >|
F,
IFllg-1q) == sup —(P (8.36)
peHL(Q) ||<P||H3<Q>
$#0

Every f € L?(Q) defines an element of H~!(Q) through

(f,0) = /Q fé dx.

With the usual identification of L?(Q) with its dual, this gives the continuous Sobolev triple
Hy(Q) ¢ L*(Q) ¢ HH(Q). (8.37)

The second inclusion is strict in general: not every bounded functional on Hé (Q) is represented
by an L? function.

The zero-order term in
-Au+u=f (8.38)

allows one to use the standard H! inner product
(u,v) := / (Vu - Vo + uv) dx.
Q

Unlike the unshifted Dirichlet problem, the Riesz argument for (8.38) does not require Poincaré’s
inequality. It therefore applies on the whole space. Since H)(R™) = H'(R™), the map

- A+1:H'®R™) — HYR™) (8.39)

is onto and isometric when H™! is equipped with the dual norm induced by (-, -);.

More generally, for y > 0 define
(u,0), = / (Vu - Vo + puv) dx.
Q

If ¢ = max{u, y‘l}, then
Ml < ulifp gy < e llull? - (8.40)

Thus every positive shift gives an equivalent Hilbert norm and, on a bounded domain with
homogeneous Dirichlet data, a unique weak solution for every f € H™1(Q).
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8.7.2 An operator that changes type

Uniform ellipticity is a property of both the operator and the region on which it is studied. The
Tricomi operator
Lru =—(yd*u +8§u) (8.41)

has principal form
yEL+ &5
It is elliptic where v > 0, hyperbolic where y < 0, and degenerate on y = 0. On every strip

{(x,y): e <y <1}, 0<e<l,

it is uniformly elliptic. This example separates ordinary ellipticity from uniform ellipticity and
shows how the same equation can change type across a hypersurface.

8.7.3 Lower-order terms and Garding’s inequality

Consider the divergence-form operator
Lu := —di(a;jdju) + di(bju) + cu, (8.42)
where a;; = aj; and a;j, b, c € L*(Q). Assume there is 6 > 0 such that
aij(x)&i&; > 0 |£|2 for almost every x € Q and every & € R™. (8.43)

The weak bilinear form is
a(u,v):= / (aijdju djv — bju djv + cuv) dx. (8.44)
Q

The term containing b; generally makes this form nonsymmetric. The form is bounded on
Hé (Q) x Hé (Q), but the lower-order terms may prevent direct coercivity.

Set
m
Bi= > lbillio@,  Co:=llclio@)-
i=1

For u € Hé (Q), uniform ellipticity gives

2 2
OVullpz < au,u)+ B llullp2 IVull2 + Co llullf. -

Young's inequality yields, for every ¢ > 0,

1
2
lullz2 [IVull2 < e [Vullp. +

2
o=l

Choosing ¢ so that Be < 6/2 and then using Poincaré’s inequality gives constants § > 0 and
y = 0 such that

Bllulf g < alu,w) +y llullfzg) - (8.45)

This is Garding’s inequality. It says precisely that coercivity can be restored by a sufficiently large
positive shift.
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Theorem 8.2 (Existence after a sufficiently large shift). Under the coefficient assumptions above,
choose y as in (8.45). For every u >y and every f € H™1(Q), the problem

Lu+pu=f inQ, u=0 ondQ
has a unique weak solution u € Hé (Q).
Proof. The shifted form

au(u,v) :=a(u,v) + u(u,v)2q)
is bounded, while (8.45) gives

2 2
B ||u||H5 <a(u,u)+yllulli <au(u,u).

Lax-Milgram therefore gives the unique solution. m]

8.7.4 A Hessian identity and the classical threshold

For u € C°(Q)), two integrations by parts give

2 1. _ 2. 92
/Q(Au) dx—Z/Q8iu8].u dx

i,j=1
m

= Z /Q|8iju|2 dxz/Q|D2u|2 dx. (8.46)
ij=1

Consequently, if —Au = f, then formally

”Dzu“LZ(Q) = ||f||L2(Q) :

For an H! weak solution this calculation is not yet justified; the interior regularity theorem
supplies the missing second derivatives.

More generally, if a;; € C**1, f € H*, and u € H' is a weak solution of a uniformly elliptic
principal-part equation, then

k+2
u e HloC .

When k > m /2, Sobolev embedding gives f € C and u € C?, so the weak equation is a classical
equation. Smooth coefficients and forcing then bootstrap the solution to C* in the interior; the
earlier boundary-regularity results give the corresponding conclusion up to a smooth boundary.

8.8 Problems

Problem 8.1. Let Q2 C R" be a bounded domain with smooth boundary, let A = (a;;) € R"*" be
symmetric and positive definite, and let ¢ € L*(Q). Consider

Lu = —div(AVu) + c(x)u
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and the bilinear form
B(u,v) := /(AVM) -Vo dx +/ c(x)uv dx, u,v e Hé(Q).
Q Q

Let 0 > 0 be the smallest eigenvalue of A, and choose Cp > 0 so that
lullf2q) < Cp IVullTrg, (1 € HYQ).
Assume that

c(x) > -p inQ, O<‘u<i.
Cp

Show that B is bounded and coercive on H}(Q), and hence satisfies the hypotheses of the
Lax-Milgram theorem.

Solution. First take smooth u and v. Integration by parts gives

/Q(Lu)v dx = —/Qdiv(vAVu) dx +/QV?J -(AVu) dx +/Qc(x)uv dx

= —/ v(AVu)-n dS + B(u, v).
Q

Thus the boundary term vanishes when v € Hé (Q), which motivates the displayed bilinear form.

Because A is real and symmetric, it can be diagonalized as A = VTZV, where V is orthogonal
and X = diag(Aq,...,A,). If x = V&, then

n n
éAg:ﬂix=§:mﬁzAmmz]f=9wﬁ
i=1 i=1
Consequently,
n
0 ||Vu||%2(0) < /Q Z a;j diu dju dx
i,j=1

= B(u,u)—/gc(x)u2 dx

SB(u,u)+y/ u? dx
Q
< B(u, u) + pCp [|Vutl[ ) -

It follows that
B(u, u) > (6 — uCp) [IVull 2 gy -

Since 6 — uCp > 0 and the gradient norm is equivalent to the Hé (Q) norm, there is a g > 0 such
that

B(u,u) 2 B llullf -
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For boundedness, Cauchy-Schwarz and Poincaré’s inequality yield

n
B, ol < Y gl [ 0mlfdje] dx-+ leleqe [ ullol dx

ij=1
<C ||”||H5(Q) ”U”Hé(g) .

Thus B is a bounded, coercive bilinear form on the Hilbert space Hé (Q), so the Lax-Milgram
theorem applies. ]

Problem 8.2. Let () C R" be a bounded domain with smooth boundary and f € L?(Q). Prove
that the Robin problem

—Au = f in Q,
dyt +u =0 ondQ

has a unique weak solution u € H(Q).

Solution. For smooth u and v, the boundary condition gives

/(—Au)v dx = / Vu - Vo dx —/ (dpu)v dS
Q Q oQ

=/Vu-Vvdx+/ uv ds.
Q 90

Writing T : H(Q) — L?(9Q) for the trace map, define

B(u,v) := / Vu - Vo dx +/ (Tu)(Tv) dS.
Q 9Q
The weak formulation is

B(u,v) = / fodx for every v € HYQ).
Q

The trace theorem and Cauchy-Schwarz imply
1B, )| < [Vatllzy IVollzy + ITul200) 1Tl 2o
< Cllullg Iollayq) -
so B is bounded.

To prove coercivity, suppose to the contrary that no positive coercivity constant exists. For every
k € N there is then a u; € HY(Q) such that

1
il =1, Blug, ) < 7.
After passing to a subsequence,

ur —u in H(Q), uy — u inL*Q),
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where the second convergence follows from the Rellich compactness theorem. Moreover,
/ |Vug|? dx < B(ug, ux) — 0.
Q

Thus Vu = 0 in the sense of distributions, so u is constant almost everywhere on each connected
component of Q. The strong L? convergence together with Vi — 0 = Vu in L? shows that
uy — u strongly in H(Q). The trace theorem then gives Tuy — Tu in L2(9Q2), while

ITukllZ 250 < Blux, ux) — 0.
(9Q)

Hence Tu = 0. Since u is constant on each component, this forces # = 0. On the other hand,
strong convergence in H L) gives

lullgq) = im [Jugllgrq) =1,
k— o0

a contradiction. Therefore B is coercive on H(Q).

Finally, the functional
v —> / fo dx
Q

is bounded on H'(Q). Lax-Milgram therefore gives a unique weak solution u € H(Q). O

Problem 8.3. Let QO ¢ R"” be bounded, let1 < p < co, and letg = p/(p — 1). Suppose f € L1(Q)
and F € C1(R") is convex with

IFEI<C1+1&lP),  IDFE)| < C(1+[Ef™).

On W,"(Q) define
J(v) := /QF(VU) dx—/va dx,

and assume that | is coercive. Prove that | is well defined and continuous, that it attains its
infimum, and that every minimizer satisfies the weak Euler-Lagrange equation. Identify the
associated Dirichlet problem.

Solution. Forv € Wé’p (Q), the growth of F gives
/ |[F(Vo)| dx < C|Q| + C/ Vol dx < oo.
Q Q

Also, Holder’s inequality gives
' / fo dx
Q

Suppose v, — v in WS 7(Q). The mean value theorem and the growth of DF imply

= ”f”m(Q) ”U”LP(Q) < 00,

Thus | is well defined.

|F(Vou) — F(Vo)| < C(1 + Vo, [P + Vo]’ 1) [Vo, — Vo .
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After integration and an application of Holder’s inequality,

-1 -1
[ IF(Vo0) = FV0)l dx < (10149 + [Vomll + 19015 ) V0 = Vol

The right-hand side tends to zero. The linear term also converges because

‘/Qf(vm—v) dx

= ”f”m(g) [0n — U”Lp(Q) — 0.

Hence [(v,) — J(v).
Set
m:= inf [(v)
0eW, " (Q)
and choose a minimizing sequence (vx). Coercivity makes this sequence bounded in W& Q).
Since this is a reflexive Banach space, there is a subsequence and a v* € Wg ?(Q) such that
vy — 0" in WS’F(Q).

The convex, continuous functional | is weakly lower semicontinuous, and therefore
m < J(v*) < liminf [(vg) = m.
k— o0
Thus v* is a minimizer. Convexity alone gives existence; if | is strictly convex, in particular if F is
strictly convex, this minimizer is unique.

Let u be a minimizer and take v € Wg P(Q). Forevery t € R,

J(u + to) > J(u).

Moreover,
Ju + to) - J(u) _
t

1/ [F(Vu +tVo) — F(Vu)], dx —/ fo dx.
tJo o)
For each x, the one-variable function g,(t) := F(Vu(x) + tVv(x)) satisfies

8x(t) — 8x(0)

; = DF(Vu + cVov) - Vo

for some ¢ between 0 and t. When [t| < 1, the growth of DF and Young’s inequality give an
integrable bound, independent of ¢, of the form

IDF(Vu +cVo) - Vo| < C(1+ |Vu + cVo|P 1) |Vl
< C'(1+ |Vul? +|Vol?).

Dominated convergence therefore yields

d
E](uwttv)

=/QDP(Vu)~VU dx—/va dx =0.

t=0
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Thus every minimizer satisfies
/QDF(Vu) -Vo dx = /va dx for every v € Wg’p(Q).
For smooth functions, integration by parts identifies the corresponding Dirichlet problem as
{— div(DF(Vu)) = f inQ,
u=0 on JQ.

O

Problem 8.4 (Analytic Cauchy data and the clamped biharmonic equation). (a) Let £ be a dif-
ferential operator of order 2N, let f be analytic, and let QO be a bounded open set with
analytic boundary. Consider the Cauchy data

Lu=f inQ,  ul,=0, ul,,=0 (1<|ul<2N-1).

Explain what the Cauchy-Kowalevsky theorem gives when its analytic and noncharacteristic
hypotheses are satisfied.
(b) Assume that dQ is smooth and that f € L?(Q). Consider the clamped biharmonic problem

Au=f inQ, u € H3(Q),

where
H(Q) = {v € H(Q) : 0|, =0, Vo|,, = 0}.

Give its weak formulation and establish existence, uniqueness, and the regularity recorded
below.

Solution. For part (a), if the coefficients of £, the forcing term, and the Cauchy hypersurface are
analytic, and if dQ) is noncharacteristic for £, the Cauchy—Kowalevsky theorem gives a unique
analytic solution locally near each point of the hypersurface. The theorem is local; it does not, by
itself, establish a single global solution throughout an arbitrary bounded domain.

For part (b), define on HS(Q) the bilinear form
D(u,v) := / Au Avdx.
Q

This form is coercive on Hg(Q). Hence the Lax-Milgram theorem gives a unique u € Hg (Q) such
that

D(u,v) = / fodx for every v € HS(Q).
Q

Elliptic regularity then gives u € H*(Q). For a smooth test function satisfying the clamped
boundary conditions, two integrations by parts give

D(u,v) = /Q(Azu)v dx — /ao dy(Au)vdS + /aQ(Au)&,v ds

= /vadx,

because both boundary terms vanish. Thus the weak solution satisfies A%u = f. m|
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Problem 8.5 (Garding inequality for a uniformly elliptic operator). Let
Lu=- Z di(aijdiu) + Z bidiu + cu,
i] i

where the coefficients are bounded and the principal coefficients satisfy the uniform ellipticity
condition

D ai&s = 01ER, 6>0,

ij
for almost every x € Q) and every & € R". Define

D(u,v) :=Z/Qaij8iu 8jvdx+Z/vai8iu dx+/gcuvdx.
i i

Prove that there is y > 0 such that
luliFp ) S DG w) +y ullfg, -

Solution. Set

xeQ

Bi= Y IIbilliwy,  C:=essinfe(x).
i
Uniform ellipticity and Hélder’s inequality give

0 ||Vu||i2(g) < D(u,u)—Z/Qbi(c?iu)u dx—/@cuzdx

< D(u, u) + B |Vullr2q) 14l 2@ — C ||”||iz(9) :

For every ¢ > 0, Young’s inequality yields

2 ﬁ 2
PlIVullpz llullz < pe lVullzz + o llulliz -

Consequently,
(0 - Be) ”V“”%z + (C - 4%) ||u||%2 < D(u,u).
Choose ¢ > 0 so that O — ¢ > 0, and then choose y > 0 so that
p
y+C 1 > 0.

Adding y ||u ||i2 to both sides gives

2 2
”u”Hl(Q) S D(ur M) +y ”u”Lz(Q) .



Chapter 9

Rellich Compactness, Spectral Theory,
and Evolution Semigroups

9.1 From elliptic operators to evolution equations

Let Q ¢ R" be a bounded domain with smooth boundary, so Q is compact. We now study the
eigenvalue problem for the Laplacian and use its spectral resolution to solve the heat, Schrédinger,
and wave equations.

The differential expression alone does not determine an operator. An operator consists of the
expression together with its domain, and the domain records the boundary condition. For the
Laplacian, the standard choices include Dirichlet, Neumann, and Robin boundary conditions. In
particular, the Dirichlet realization of the positive Laplacian is

L=-A, D(L) = Hy(Q) N H*(Q). (9.1)
On a smooth bounded domain, solving
—Au=f,  ulpg=0,
gains regularity: for f € L%(Q), the solution belongs to Hé (Q) N H*(Q). The embedding of this

space into L%(Q) is compact. Thus, whenever zero is not an eigenvalue, L7 lis compact as an
operator on L?(Q)). The compactness behind this observation is Rellich compactness.

9.2 Rellich compactness

For 1 < p < m, define the critical Sobolev exponent
.. _mp
pri= o b
We write X € Y when the embedding X < Y is compact.

Theorem 9.1 (Rellich compactness). Let Q) C R™ be bounded with smooth boundary, andlet1 < p < m.
Then
WIP(Q) e L1(Q)  foreveryl < q <p". (9.2)

89
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The endpoint p = m follows from the subcritical theorem. Since Q is bounded, Holder’s inequality
gives
WLMmQ)— W(Q)  (1<p<m).

Moreover, p* — oo as p T m. Given any finite g4 > 1, choose p < m sulfficiently close to m that
g <p*. Then
WL(Q) — W (Q) € L1(Q).

Consequently,
Wi(Q) e L1(Q) forevery 1 < g < co. (9.3)

In particular, one obtains compactness in the same exponent for every finite p:
WIP(Q)eL’(Q), 1<p<co. (9.4)

Indeed, if p < m, then p < p* and this is (9.2); if p = m, itis (9.3). If p > m, choose r < m so close
to m that p < r*. Boundedness of () gives

WP (Q) — W (Q) € LP(Q).

The critical exponent is not compact

For 1 < p < m, the Sobolev embedding
WP (Q) — L (Q)

is continuous, but in general it is not compact. Compactness holds only below the critical
exponent.

9.3 Self-adjoint elliptic operators

Let A be a densely defined operator on a Hilbert space. If A is self-adjoint, then A = A* and, in
particular,
(Au,v) ={u, Av) (u,v € D(A)).

For the Dirichlet Laplacian in (9.1), integration by parts gives
(=Au,v)2 = / Vu - Vo dx
Q
= (1, —A0v),2, u, v € Hy(Q) N HA(Q).

Thus the Dirichlet realization is self-adjoint. Its eigenvalues are real, and eigenfunctions belonging
to distinct eigenvalues are orthogonal in L?(Q).
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9.3.1 The first Dirichlet eigenvalue

The first eigenfunction is obtained by minimizing the Dirichlet energy under an L? constraint. Set

1
;= inf —/ Vul? dx. 9.5
H1 ueH}(Q) 2 Ql | ©-3)

lluell 2=1

Let (#;) be a minimizing sequence. The constraint and the bounded energy imply that (u;) is
bounded in Hj(Q). After taking a subsequence,

uj —e; weakly in Hé(Q).

Rellich compactness gives
uj — e strongly in L3(Q).

Hence ||e1|| 2 = 1. By weak lower semicontinuity,
1 2 NPy 2
= [ [Ver]” dx < liminf = [ |Vu;|® dx = p1.
2 Q j—oo 2 Q

Since e is admissible, equality holds. Thus the infimum is attained. Equality of the gradient
norms, together with weak convergence, also gives strong convergence in Hé(Q).

The Lagrange-multiplier equation for this constrained minimum is

/ Ver -V dx = Al/ e1¢p dx, Q€ Hé(Q),
Q Q

where

A = / |Veq|* dx = 2p;. (9.6)
Q

Equivalently,
—Ael = /\161
in the weak sense. Elliptic regularity then places e; in the operator domain.
Poincaré’s inequality gives A1 > 0. More generally, define successively
Ag = inf / |Vu|? dx. 9.7)
Q

ueHy(Q), [lull,2=1
(u,€j>L2=0, 1<j<k

The same compactness argument produces an eigenfunction ex. Consequently,
O<A <A<, A — o,

and the ex may be chosen to form an orthonormal basis of L%(Q). This variational construction
extends to self-adjoint elliptic operators whose quadratic forms are bounded from below; ellipticity
supplies the required lower bound, possibly after shifting the operator by a constant.
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9.3.2 Neumann boundary conditions

For the Neumann Laplacian, minimize the same energy over H'(Q) with ||u||;2 = 1. Constant
functions have zero energy, so the first eigenvalue is

A =0, e =102

If Q) is connected, the kernel consists exactly of the constant functions. The next eigenvalue is
obtained by restricting to the mean-zero subspace,

/udx:O,
Q

and the mean-zero Poincaré inequality gives Aé\] > 0.

9.4 Abstract evolution and the resolvent

Consider the abstract initial-value problem
oiu = Au, u(0) = uy, (9.8)
where A is a matrix or, more generally, an operator. Formally,
u(t) = etuy.
If £ denotes the Laplace transform in time, then
sLu—uy=ALu,

and therefore
Lu(s) = (sI — A) ug. (9.9)

Inverting the transform along a vertical line to the right of the spectrum gives the formal resolvent
representation
1 y+ioco
u(t) = (—/ eSt(sI — A)~' ds | uo. (9.10)
14

27 —ioco
The principal examples are
i = Au, Jdiu = iAu, 8fu —Au =0,

namely the heat, Schrodinger, and wave equations. On a bounded domain, boundary conditions
must be included in the domain of the operator.
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9.5 Bounded domains versus the whole space

Compactness of the domain is decisive for the spectral picture. On a bounded interval, the
Dirichlet Laplacian has a discrete sequence of eigenvalues. On the whole line, consider

—832(u = Au, u € L*(R).
The three cases are:
A=0: u(x)=a+bx,
sin(VA x)
\/X 7
sinh(V-A x)
N '

None of these is in L?(R) unless it is identically zero. Thus —d? has no L? eigenfunctions on the
whole line. Nevertheless,

A>0: u(x)=Acos(VAx)+B

A<0: u(x)=Acosh(V=-1Ax)+B

o(=3) = [0, o).
For every A > 0, one can construct normalized approximate eigenfunctions for which
1(=0% = Mujllz — 0.

This is continuous spectrum rather than point spectrum. In particular, zero lies in the spectrum,
so the inverse of —9? is not a bounded operator on L?(R); no compact inverse or discrete
eigenfunction expansion is available.

9.6 The Dirichlet heat equation on an interval

Consider
8tu=8§u, O<x<1,t>0,
u(©0,t)=u(l,t)=0, t>0, (9.11)
u(x,0) = up(x), 0<x<l.

The normalized Dirichlet eigenfunctions and eigenvalues are
en(x) = \/Esin(nnx), —8§en = n’n’e,, n=1,2,....

The functions (e, ),>1 form an orthonormal basis of L*(0, 1). If ug € L%(0, 1), write

oo 1 oo
o= ) anen, @y = / up(x)en(x) dx, " laf? < oo.
n=1 0 n=1

Separation of variables gives

u(x,t) = Z ane_”znzten(x), t>0. (9.12)
n=1
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An arbitrary L? initial value need not have a boundary trace, so the boundary condition at t = 0
need not be meaningful. By contrast,

o0
ug € Hé(O, 1) = Z n?m?|a,|* < .
n=1

Even when u belongs only to L?, the solution belongs to H& (0,1) for every t > 0.

The initial condition is attained strongly in L2
2.2
luC, £) = uolZy = Y e ™! —1Pja,P — 0 (£L10).
n=1

Thus
u € C([0,00); L*(0,1)) N C((0, 00); HA(0, 1)).

9.6.1 Instantaneous smoothing

For t > 0, the series may be differentiated term by term:
deu(x, t) = \/EZ nnaze ™ cos(nmx),
n=1
Pu(x, t) = —\/EZ n2r2a,e ™ sin(nmx).
n=1

The exponential factor dominates every power of n. Repeating the argument gives derivatives of
every order and hence
u € C®((0,00) x10,1]).

This is the regularizing effect of the heat equation.

9.7 The heat semigroup

Define -
S(t)ug = Z ane e, >0, (9.13)
n=1
Then
5(0) =1, S(t1)S(t2) = S(t1 + t2) (t1,t2 = 0).
Moreover,

IS(H)uo — uolllz — 0 (£10),

50 (S(t))t>0 is a Cp-semigroup. Strong convergence implies weak convergence:

(S(t)up, v)2 — (uo, 02 (v € L*(0,1)).
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However, convergence does not hold in operator norm. Indeed, for every t > 0,

I1S() = Illp22 = sup [e ™ — 1] = 1.

n>1

Let A = 92 with
D(A) = Hy(0,1) N H*(0,1).

For every u € L%(0,1)and t > 0, smoothing gives
iS(t‘)u = AS(t)u
dr 0= (\B

The derivative at t = 0 exists in L? precisely when 1 € D(A), and then

. S(t)ug — ug
llm _—
£10

= Au().

Thus the generator A records exactly the initial data for which the evolution equation holds
classically at the initial time.

9.8 The Schrodinger group and loss of smoothing

On the same interval with Dirichlet boundary conditions, consider

o = iaiu, u(0) =ug = Zunen.

n=1

The solution is

U(Hug = Z a,e e, teR. (9.14)

n=1

Since every multiplier has modulus one, U(t) is defined for all positive and negative times, and
U(t)U(t2) = U(t +t2),  [[U(H)uollr2 = [Juollr2.

Hence (U(t));er is a unitary Co-group.

Unlike the heat multipliers, the Schrédinger multipliers do not decay as n — oco. Therefore the
flow gives no gain of regularity. If 1o belongs only to L?, its boundary trace need not be defined,
and the evolution does not repair this. If ug € Hé (0, 1), then the Dirichlet trace is meaningful and
is preserved by the flow.

Remark 9.2. The heat fundamental solution is positive, and heat evolution preserves positivity.
This positivity is closely related to the maximum principle.
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Fourier Methods for Evolution
Equations

10.1 Evolution equations on Euclidean space

Evolution equations on all of R are especially amenable to Fourier analysis. The Fourier
transform turns constant-coefficient spatial differential operators into multiplication operators,
so that many partial differential equations become ordinary differential equations in time. The
discussion here follows the Fourier-space viewpoint used in Rauch’s treatment.

We begin by recalling the function spaces in which this method is carried out. The Schwartz
space S(R?) is the space of smooth functions for which every seminorm

Ny(p) == sup |x“85(p(x)| (10.1)
xeR4
lal+IBl<p

is finite. Its continuous dual S’(R?) is the space of tempered distributions, and the Fourier
transform on &’ is defined by duality. Since C®(RY) c S(RY), every tempered distribution
determines a distribution:

S'(RY) c D'(RY).
Tempered distributions are distinguished by their controlled behavior at spatial infinity.

For s € R, define
H(RY) := {u e S'(RY): /d(1 + &2 () d& < oo}. (10.2)
R

For s > 0, elements of H® are L? functions. When s < 0, they may be genuine tempered
distributions.

We retain the Fourier convention introduced earlier in the book:

o= [ fwerrtar,  fw= [ foende. (103)
Consequently, . R . R
9;f(&) =2mi&;f(&),  Af(&) = —4m*[EPf(&). (10.4)

96
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10.2 The Picard-iteration model

Before turning to partial differential equations, consider the autonomous ordinary differential
equation
¥=F(x), x(0)=x9,  x(t)eR? (10.5)

where F is locally Lipschitz. Picard iteration starts with x('(t) = xo and defines
t
M (1) = x +/ F(x(m)(o)) do. (10.6)
0

The natural space for convergence is
C([o, TLR),

rather than an L! or L? space: the equation evaluates the unknown pointwise in time. Choose a
ball B,(x¢) on which F has Lipschitz constant L and bound |F| < M. If MT < r, the Picard map
sends paths taking values in this ball back into the same ball. Set

dw(T) := sup |x(m+1)(t) - x(m)(t)|. (10.7)
0<t<T
Then
t
|x(m+l)(t) - x(m)(t)| < / |F(x(m)(a)) - F(x(m_l)(o))| do
0
t
<L / |x"™(0) = x"V(0)| do,
0
and hence

d(T) < LT dyy_1(T). (10.8)

For example, if LT < %, then
dm(T) < 47"dy(T).

The geometric-series estimate

m—1
4
sup |x")(t) - xo| < Z d;(T) < §d0(T)
0<t<T =0

both keeps the iterates in the chosen ball, after T is reduced if necessary, and proves uniform
convergence.

For an evolution equation, the analogous path space is

X5:=C([0, TLH RY),  llullxs = sup [lu(t)llm. (10.9)
0<t<T

Because H* is a Banach space, so is X3. If u € X7, the Banach-valued Riemann integral

b
/ u(o) do € H®, a,bel0,T],

is well defined. This is the setting in which a Duhamel or Picard formula can be interpreted.
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10.3 The heat equation

Consider
du=Au, xeR?  u0)=up. (10.10)

A direct Picard scheme of the form

atu(m+1) — Au(m)
does not close in H*: if u™ € H?, then generally Au"™ € H*~2. Two derivatives are lost at each
step.

Fourier transformation avoids this loss. If u € C([0, T]; H?) solves (10.10), then d;u = Au €
C([0,T]; H572), so u € CY([0, T]; H*~2) and the time derivative may be transformed. Equations
(10.10) and (10.4) give

o1&, 1) = —4m?|EPPU(E, t). (10.11)

Thus

W(E, 1) = e+ HEP (&) |, (10.12)

For t > 0, the multiplier has modulus at most one. Hence every uy € H®, in particular every
uo € H® with s > 0, gives a solution

u e C([0, oo);Hs(Rd)).
For every t > 0, the Gaussian decay in frequency gives u(t) € H" for every r, so u is smooth in x;
the equation then gives smoothness in ¢ as well.

For t < 0, the factor in (10.12) grows exponentially in |£|?. It therefore does not define a bounded
solution operator on H®, and backward evolution is not available for arbitrary H® data. This is
the basic backward ill-posedness of the heat equation.

Taking the inverse Fourier transform yields the heat kernel

1 2
_ —|x 2/ (at)
Ki(x) = (4nt)d/2e , t>0, (10.13)

and the convolution formula

e, t) = (K s o)) = [ Kulr = phuo(y) dy, (10.19

10.4 The Schrodinger equation

Consider the free Schrodinger equation
idju —Au =0, u(0) = up. (10.15)

Its Fourier transform satisfies
0411 + 4m?|E)%U = 0,
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or equivalently
o1 — 44| &) = 0.

Therefore

0(E, t) = e P (&) | (10.16)

The multiplier has modulus one, so
lu)llps = lluolles,  t €R. (10.17)

Thus ug € H® gives u € C(R; H?), but the solution generally has no more Sobolev regularity than
the initial datum.

For Schwartz initial data and ¢ # 0, the solution can also be written as an oscillatory convolution

u(x, )= (Sexu)x),  Si(x) = (~4mit) /2 /D, (10.18)
where the complex power is taken with the oscillatory branch for which Si(&) = etmitlel,

Remark 10.1 (Uniqueness). Uniqueness for both the heat and Schrédinger equations is immediate
in the spaces above. If two solutions have the same initial datum, their difference has zero
initial datum. After Fourier transformation, each frequency solves a scalar ordinary differential
equation with zero initial value and is therefore identically zero.

10.5 The wave equation

The Cauchy problem for the wave equation is
Pu—Au=0, u0)=ug,  u(0) = uj. (10.19)

Fourier transformation in x gives
921 + 4m?|EFu = 0.

Solving this ordinary differential equation yields

sin(2mt|&|t) ~

u(&, t) = cos(2m|&|t)up(&) + > u(&)|. (10.20)
i

The quotient is defined continuously at & = 0, where its value is t.

The first multiplier in (10.20) is bounded, so up € H® gives a contribution in H®. The second
multiplier gains one derivative at high frequency without acquiring a singularity at the origin.
sin(2m|&|t)

Indeed,
<min{|t| L}
2rfél |7 “2m|El )

This low-frequency behavior matters. For example, if f € H®, then the function with Fourier
transform

1
1+ €]

F(&)
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belongs to H**!, whereas the function suggested by |& |‘1f(<§ ) need not, because of the singularity
at & = 0. The sine multiplier avoids this problem. Consequently, for s > 1,

ug € H°, up e ' = u e CR;H’)nCYR; H*™). (10.21)

This is the PDE analogue of replacing a second-order ordinary differential equation by a first-order
system. For example,

¥+ax+cx =0, Yy==x,
becomes

x=y, y=-ay—cx.

For the wave equation, the state is

u(t)

W) = (qu(t)

) € HS x H* L. (10.22)

10.5.1 Physical-space wave kernels

Let R; be the distribution whose Fourier transform is

sin(27t|&|t)

Ri(&) = 2lE]

(10.23)

For t > 0, its action on a suitable function g is
1 x+t
= g(y) dy, d=1,
2 x—t

1 8(y)

- — o 4y,
27 Jjx—y|<t V2= |x —y|? Y

1
— ds(vy), d=3.
vl g(y) dS(y)

(R * g)(x) = d=2, (10.24)

Since

IR (&) = cos(2m|<|t),

the full solution is
u(t) = (9th * Uy + Ry * uq. (1025)

The three model equations

With the Fourier convention (10.3), the three solution multipliers are

oiu—Au=0: e_4"2t|5|2,
idju —Au=0: edmitlel
sin(27t|&|t)

Au—-Au=0: cos2m|&lt),
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The heat flow smooths and evolves only forward on arbitrary Sobolev data. The Schrédinger
flow preserves Sobolev regularity for all ¢+ € R. The wave flow uses the natural data space
H® x H*"! and propagates one position datum together with one velocity datum.

10.6 A heat equation with a potential

Consider now
oiu =Au +V(x)u, u(0) = uy. (10.26)

The Fourier transform no longer diagonalizes the whole right-hand side, because multiplication
by V in physical space becomes convolution in frequency. There are two natural approaches.

10.6.1 The resolvent approach

Set A = A + V(x) and study its spectrum. Formally, if

u(A) = / e~ Mu(t) dt
0
is the Laplace transform, then
(A=A =V)u(A) = uy, w(A) = (A —A—-V) . (10.27)

Thus the evolution can be studied through the resolvent and spectral properties of A.

10.6.2 Variation of parameters and Duhamel’s formula

For the ordinary differential equation
X =Ax + f(t,x(t)), x(0) = xo, (10.28)
variation of parameters gives
t
x(t) = etxg + / e (g, x(0)) do. (10.29)
0
One may therefore iterate the integral equation:

t
K1) = oAy 4 / 1= £ (5, x™(0)) do. (10.30)
0

This formulation is useful precisely when the propagator e'4 does not lose regularity.

For (10.26), the naive differential iteration

Au ™D = Ay 4 vy



102 Chapter 10. Fourier Methods for Evolution Equations

again loses two derivatives. Duhamel’s formula instead suggests

t
u(m+1)(t) —etPup + / e(t—d)AVu(M)(g) do. (10.31)
0
Here e'” is the heat propagator, with Fourier multiplier e4HIER and
le fllgs < |l flls, ¢ =0. (10.32)

To close the iteration in H*, assume that multiplication by V is bounded on H*; write its operator
norm as My. For example, when s is a nonnegative integer, sufficiently many bounded derivatives
of V provide this property. If @ denotes the right-hand side of (10.31), then

|| Du — Q)vllx; < MyT ||lu - vlleT. (10.33)

For My T < 1, this is a contraction on X7, exactly as in the ODE argument.

The same formula gives

t
)l < lsollgs + My /0 (o)l do, (1034)

and hence
Nu()las < eV |lugllms.

This bound supports the continuation argument in the notes. If a maximal solution had a finite
endpoint T, the bound and the Duhamel formula would give a limit u(T) in H* ast T T. One
could then restart from u(T) using

t
u(t) = e"=DAy(T) +/ e~V (o) do. (10.35)
T

The same local contraction applies beyond T, contradicting maximality. Under the stated
multiplier assumption on V, the solution therefore continues for every ¢ > 0.

10.7 Problems

Problem 10.1 (A variational solution of a semilinear Dirichlet problem). Let Q C R?® be abounded
domain with smooth boundary, and set

A= inf{/ IVul* dx : u € Hy(Q), lull 2y = 1}.
Q

(a) Show that the infimum is attained by some u* € Hé (Q).
(b) Derive the Euler-Lagrange equation for u* and rescale it to obtain a weak solution of

-Au=u® inQ,
u=0 on JQ).
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(c) Show that this solution is smooth.

Solution. Because Hé (Q) — L*Q), the infimum is positive. Let (1,,) be a minimizing sequence.
It is bounded in H}(Q), so, after passing to a subsequence,

Uy — u* in Hé(Q).
In dimension three the critical Sobolev exponent is 6. Rellich compactness therefore gives
Hj(Q) € LYQ), Uy — u* in LY(Q).

Consequently ||u*|| 4 = 1. By weak lower semicontinuity,

/ |Vu"|2 dx < liminf/ |Vum|2 dx = A.
Q m—eo Joy

Since u* is admissible, equality holds, and u* attains the infimum.

Forv € Hé (Q), consider

/|V(u*+tv)|2 dx
1 Jo

2 1/2°
(/ |u* + tv|4 dx)
Q

The quotient is minimized at ¢ = 0, and hence F’(0) = 0. Using ||u"|| 4q) = 1and Jo |Vu*|2 dx = A,
we obtain

F(t) :=

/ Vu*-Vodx = A / (u*)?vdx for every v € Hé(Q).
Q Q

Thus u* is a weak solution of

—Aut = A(u)?, u'|,q =0.
Since A > 0, the rescaled function
u:=Vau
satisfies
—Au = u3, ”|aQ =0.

Finally, u € HS(Q) — L5(Q), and so u® € L?(Q). Dirichlet elliptic regularity yields u € H*(Q).
Since H2(Q) is an algebra in dimension three, u®> € H?(Q); applying elliptic regularity repeatedly
gives u € H¥(Q) for every k > 0. Sobolev embedding then implies u € C®(Q). m]

Problem 10.2 (Spectral solutions of parabolic and dispersive equations). Let Q = (0,1)?, let
H = L?*(Q), and consider the Dirichlet operator

Av:=Av+a-Vou+bo.

Assume that its Dirichlet realization has an orthonormal basis (v,),>1 of H and eigenvalues
Am >0, with A,,, — o0, such that

Avy = Ao, Vmlyg = 0.

Given f € H, do the following.
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(a) Construct the solution of
diu=Au inQ x (0, ),
u=20 on dQ X (0, 00),
u(-,00=f inQ,
and show that u € C([0, 0); H) and is smooth in space for every ¢ > 0.
(b) Construct the solution of
Jiu =iAu  inQ xR,
u=20 on dQ X R,
u(-,00=f inQ,
and show that u € C(R; H).

Solution. Seeking a separated solution u(x, y,t) = v(x, y)T(t) in the first equation gives

Z’_Av+a-Vv+bv_

T - -A.

For the eigenpair (A, v ), therefore,
T, () + AuTu(t) =0,  Tp(t) =e "t

Expand the initial datum as

f= i bimOm, i |bm|2 < 0.
m=1 m=1

The solution is

u(lx,y,t)= Z bpom(x, y)e_Amt.
m=1

For every t > 0 and every r > 0,

o0 o0
Z A2 by P e 20t < (sup szre_ZSt) Z b |* < 0.
m=1

>0 m=1

Elliptic regularity and Sobolev embedding therefore give spatial smoothness for t > 0.

Parseval’s identity gives
RS _ 2
a6 = FlI7 = D tbwPle™ =1 —0 (£ L0).
m=1
More generally, for t — tp > 0,

2 R 21 — — 2
(-, ) = u-, to)llfy = D 1bwl* [t — e~ — 0.
m=1

Indeed, each summand converges to zero and is bounded by 4 |b,, %, so dominated convergence
applies. Hence u € C([0, o0); H).
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For the dispersive equation, the time factors are
Tou(t) = e,

and therefore

u(x,y,t) = Z be Mo, (x, v).
m=1

The series converges in H for every t € R, since Parseval gives

(-, I = D 1bwl*.
m=1

For t — tg, the same dominated-convergence argument applied to
2 = 21 i » 2
(-, 8) = u(-, to)llFy = D 1wl [t — e7Hnto
m=1

shows that u € C(R; H). O



Chapter 11

Local and Global Theory for Semilinear
Heat Equations

11.1 Two questions for an evolution equation

For an evolution equation, there are two basic existence questions. First, can one construct a
solution on a short time interval? This is the problem of local existence, for which Picard iteration
and the contraction mapping principle are natural tools. Second, can the solution be continued
for all positive times? This is the problem of global existence, and it generally requires energy
estimates or other a priori bounds.

Consider, as a first example,
oru = Au + |Vul?, x €R3, u(0) = uyp. (11.1)

To run a fixed-point argument, one must choose a Banach space in which the nonlinearity is
controlled. In particular, if X is a Banach algebra and Vu € X, then

IVuly < IVull.

The corresponding bound for higher integral powers follows by induction. The choice of space is
therefore part of the argument, not merely a matter of notation.

11.1.1 The wrong and right iterations
A direct iteration would be
ApuD = Au® 4 vy 02, (11.2)

This scheme is unsuitable in a fixed Sobolev space. If u® e H9, then Au'®) € H52, so two spatial
derivatives are lost at each step.

Instead, keep the highest-order linear term at the new iterate:
I = Ay 4 vy )2, (11.3)

The heat flow is then treated exactly. Since the nonlinearity loses only one derivative, the
smoothing of the heat semigroup can recover that derivative.
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11.2 Duhamel’s formula and heat-flow smoothing

Consider the forced linear problem

div = Av + F, v(0) = 0. (11.4)
Duhamel’s formula gives
v(t) = ePovg + /Ot e=9AF(s) ds. (11.5)
For 0 <t <1and ¢ > 0, the heat semigroup gains one derivative:
lle™ fllpges S 7211 e (11.6)
Consequently, t
o) lges S lvollpes +/O (t =) 2IF(s)lle ds. (11.7)

For equation (11.1), take F = [Vou|>. When ¢ > 3/2, the space H‘(R®) is a Banach algebra, and
hence
[1IVol?|le S IVl < ol (11.8)

The lecture chooses ¢ = 2, so the iteration is carried out in H*(R?). Combining (11.7) and (11.8)
yields
t
o)l < Mlvollys +/0 (t =) [lo(s)I17, ds

S llvolls + VE sup [[o(9)117,. (11.9)

0<s<t

The integrable time singularity is precisely what makes the local argument possible.

11.3 Local existence for the gradient equation

Set
X3 = C([0, T]; H*(R?)), [ollxs := sup [[o(t)lys-
0<t<T
Define ;
D(v)(t) := ePoyg +/ e =2 Vo(s)|? ds. (11.10)
0

11.3.1 Continuity in time

The heat semigroup is strongly continuous on every H*. With the Fourier convention fixed earlier
in the book,

— c 2~
le*20 — o3, = /IR A+ 1Py lem 1 — 1 (e de — 0 (11.11)
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ast | 0, by dominated convergence.

For the Duhamel term, write G(s) = |Vo(s)|2. If v € X2, then G € C([0, T]; H?). For t > tg, the
semigroup property gives

t to
/ e=9AG(s) ds —/ e0=9AG(s) ds
0 0

t to
= / e=9AG(s) ds + (el 102 — I)/ e0=)AG(s) ds.
t 0

0

The first term tends to zero in H> by (11.6), since it is bounded by

CVt —tg sup [|G(s)||g-

0<s<T

The second tends to zero by strong continuity because the fixed integral belongs to H>. The case
t < to is analogous. Thus @ maps X3. to itself.

11.3.2 The contraction

On an H3-ball of radius R, the quadratic nonlinearity is locally Lipschitz:
[IVol? = [Vw]?| ;. < Crllv — wllps. (11.12)

Indeed, factor the difference into a sum of products and use the H 2 algebra estimate. It follows
that
1©(0) = P(w)llxs < CRVT [lo = wllxs. (11.13)

Take, for example, the closed ball of radius 2 about the constant path t — vg. Strong continuity
and (11.9) show that, after T is reduced, @ maps this ball into itself. Reduce T once more so that

CrVT < 1/2. The iterates
o) = (k)

then remain in the ball and satisfy
1 -
o+ = 60l < ZJo® - oDy,

The Banach fixed-point theorem gives the following conclusion.

Theorem 11.1 (Local existence for the gradient equation). If vg € H3(R3), then for some T > 0
equation (11.1) has a unique mild solution

v € C([0, T]; H*(RY)).

11.4 Continuation and global existence

Local existence alone does not guarantee a solution for all time. For an ordinary differential
equation, global existence follows if the vector field is globally Lipschitz or if one has an a priori
bound that prevents the solution from escaping every bounded set.
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For example, suppose A > 0 and
¥+x+Ax3=0. (11.14)

Multiplication by x gives the conserved energy
Lo, 1 2 A a_ L1 2 A 4
SOOI+ SxOF + 2O = SO + S xO)F + 7 [x ()" (11.15)

This yields a uniform bound for both x and x, and therefore global existence.

More generally, consider
X =Ax+ f(x), x(to) = x¢,- (11.16)

with f locally Lipschitz. The local fixed-point map based at ¢y is
t
D)) = Ay [ A0 fy(s)) s, (1117)
to

If the solution remains uniformly bounded, the Lipschitz constant of f on the relevant ball is
uniform. Hence the local lifespan can be chosen independently of the restart time ¢y. Repeating
the local construction excludes a finite maximal time.

The same continuation principle applies to a partial differential equation: a local solution can be
continued as long as the norm used in its local theory remains finite.

11.5 The cubic semilinear heat equation

Consider
ou = Au + Aud, x €R3, 1(0) = up. (11.18)

Because H2(R?) is a Banach algebra, the map
t
W(0)(t) == etPug + /\/ e=9%9(s)? ds (11.19)
0

is a contraction on a suitable ball in C([0, T]; H*(R®)) when T is small. Thus every ug € H? gives
a unique local solution. To make this solution global by the preceding continuation principle,
one would initially seek a time-independent H? bound.

11.6 The multiplier method and a priori estimates

The lecture organizes energy estimates under the mnemonic of testing the terms
Adiuu+ B -Vu + Cu

against appropriate multipliers. For (11.18), the first two useful multipliers are u and d;u. We
first make the calculation for smooth solutions that decay at spatial infinity; equivalently, one
may integrate over balls and let their radii tend to infinity. The identities extend to the mild
solutions by approximation.
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11.6.1 Multiplication by the solution

Multiplying (11.18) by u gives

U2
8t(7) =ulAu+ Aut

= 9;(udiu) — |Vul* + Au*, (11.20)
After integration in space and time,
1 2 t 2 4 1 2
S+ [ (IR, = AL ds = Sl (11.21)
For the defocusing sign A = —1, all terms on the left are nonnegative. Therefore
uelPl?, Vuel?l?  uelll}, (11.22)

with norms controlled by the initial L?> norm.

11.6.2 Multiplication by the time derivative

Multiplying (11.18) by d;u gives the pointwise identity

1 A
0 |? = 9 ((Dru)diu) — =9 |Vul* + = |ul*. (11.23)
2 4
Integration yields
t 2 1 2 _ A 4
19su(s)II> ds + S IVult)llz, = 7 lu(®ll s
2 4
0 , A (11.24)
= SIVuollZ, = Zluollt
Here d;u(s) denotes the time derivative evaluated at time s.
In three dimensions, the Gagliardo—Nirenberg inequality gives
luellps < IVl )22, (11.25)

Thus initial data in H?, and in particular the H 2 data used in the first local construction, have
finite energy.

For A = -1, combining (11.21) and (11.24) gives the a priori bounds

t t
sup uuc»n§1+l/)nvM(smizds+3/jnaﬂusnﬁzds
Oss<t 0 0 (11.26)

t
4
o [ Gl ds < (ol + ol

These estimates are uniform in time, but they control only H' rather than the H? norm used in
the first local theory.
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11.7 Lowering the local theory to H'

For the defocusing equation
ou = Au —u>, x € R3, (11.27)

Duhamel’s formula is t
u(t) = e uq —/ et=98y(s)? ds. (11.28)
0

A direct H! estimate on the differentiated nonlinearity does not close: H!(R?) is not a Banach
algebra, and ||V(#®)||;2 cannot be controlled solely by ||u ||?1’1 The remedy is to sacrifice a factor

(t —5)"/2 in time and let the heat flow supply the spatial derivative:
e (s Pllin S (8= 5)7 2 [lus)* 2

= (t =) [luts)IIs

S (=) P lus)l, (11.29)
Thus, with X% =C([0, T]; HY,
lully S Natolln + VT el (11.30)
Moreover, on an H!-ball of radius R,
14> = ©°||2 < Crllu = o], (11.31)

because HY(R3) < L°(R3). The same heat-flow estimate then makes the Duhamel map a
contraction when T is small. We obtain local existence in C([0, T]; H').

The a priori estimate (11.26) now controls exactly the norm used by this local theory. The
continuation argument therefore gives a global solution.

Theorem 11.2 (Global defocusing cubic heat flow). For every ug € H(R3), equation (11.27) has a
unique global mild solution
u € C([0, 00); HL(R3)).

It satisfies the a priori estimates (11.26).

11.8 Gronwall’s inequality and propagation of regularity

We recall the elementary form of Gronwall’s inequality used to propagate higher regularity.

Theorem 11.3 (Gronwall). Let x: [0, T] — [0, oo) be absolutely continuous. Suppose b > 0 is integrable
and
x(t) < b(H)x(t)

for almost every t. Then

x(t) < x(0) exp(/ot b(s) ds) , 0<t<T. (11.32)
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Proof. The integrating factor gives
d (e ds [t b(s) ds (4
T (e 0 x(t)) =e ho (x() = b(t)x(t)) < 0.

Evaluating at 0 proves (11.32). O

11.8.1 The H? estimate

Suppose first that 1y € H?(R?). Using one derivative of heat smoothing in (11.28), and working
on a fixed interval [0, T], we have

t
lu(O)llpz < Nluollpz + CT/O (t =) 2llu(s)’ [l ds. (11.33)

Here the global semigroup bound contains 1 + (¢ — s)"/2; on [0, T] this is bounded by a constant
depending on T times (f — s)"/2. The product is estimated by

Pl = lullfs < Ml

IV@)le S NullfslVallze S Nallfy llullge.

Let
M =1+ sup ||u(s)llm, y(t) = |Ju(t)||g2.

s>0

The global H! estimate makes M finite, and

y(t) < Cy(0) + CtM? /t(t - s)_l/Zy(s) ds. (11.34)
0

To reduce this to ordinary Gronwall, substitute the inequality into its own convolution. Since

t
/ (t—s)" V2712 qs = 7,
0

one obtains, on every fixed interval [0, T],

t
y(t) < Cry(0) + CM4/0 y(s) ds.

Gronwall’s inequality therefore bounds y on every finite time interval. Hence

up € HXR? = u € C([0,00); HX(R?)). (11.35)

11.8.2 Higher Sobolev regularity

For every integer k > 2, H¥(R?) is a Banach algebra. More precisely, the polynomial nonlinearity
satisfies the tame estimate
[ [y (1 1 (11.36)
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The heat semigroup is contractive on H¥, so Duhamel’s formula gives
group g

t
(e S ol +/0 )7 ()l ds. (11.37)

The H? norm is bounded on every finite interval, and Gronwall’s inequality implies

up e HXR?), k>2 = ueC([0,0);H"R?). (11.38)

The defocusing cubic heat equation is globally well posed in H'(R?) because the energy
estimate controls the same norm used in the local fixed-point theory. Once global existence
is known at that level, heat smoothing and Gronwall estimates propagate every higher
integer Sobolev regularity present in the initial data.




Chapter 12

Nonlinear Evolution Equations: Local
Theory, Energy Estimates, and Finite
Propagation

12.1 Local theory and global continuation

For nonlinear evolution equations, the basic plan has two parts.

1. Prove local existence by Picard iteration, using the contraction mapping principle in a suitable
function space.

2. Obtain global existence from an a priori estimate that prevents the solution norm from
becoming infinite in finite time.

The function space used for Picard iteration must interact well with the nonlinearity. For powers of
a function, this often means choosing a Sobolev space that is an algebra. Derivative nonlinearities
require an additional ingredient because the nonlinearity may apparently lose derivatives.

12.2 A derivative nonlinearity

Consider
o = Au+ |Vul?, x € R?, 1u(0) = ug. (12.1)

The Picard iterates solve
AV = Ay vy M2 D) = . (12.2)

It is important that the Laplacian acts on the new iterate u"+1). Replacing it by Au(") would lose
two derivatives at every step.

To estimate an iterate, first consider the linear problem

dv=Av+F  0(0) =0 (12.3)

114
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Duhamel’s principle gives

v(t) = v + /Ot el!=9)AF(s) ds. (12.4)
For 0 <t —s <1, the heat semigroup gains one derivative with the estimate
L (125)
If £ > 3/2, then H(R3) is an algebra. Hence
IV l?]| e < CllullZens- (12.6)
Combining (12.4)-(12.6) gives, for T <1,
1 Do ryeeny < lutollges + CTHa R 0 (127)

The corresponding difference estimate makes the Picard map a contraction on a sufficiently
small ball. Taking ¢ = 2 yields local existence in H 3(R3). This argument gives a local solution; a
separate a priori estimate is needed for global existence.

12.3 Continuation and a finite-dimensional model

For comparison, consider the ordinary differential equation
X =Ax+ f(x), x(to) = xo, (12.8)

where f is locally Lipschitz. The variation-of-constants formula is

x(t) = M0 x(tg) + / t eAt=5) £(x(s)) ds. (12.9)

to

If |x(t)| remains bounded, then the local Lipschitz and size bounds for f remain uniform on the
ball containing the trajectory. Picard’s argument can therefore be restarted with a time interval
whose length depends only on that ball. Repeating this step continues the solution.

An energy or Lyapunov function can provide the required bound. For example, consider
F+x+Ax3=0, A>0. (12.10)

Multiplication by x gives
d (1., 1, A 4\ _
1 2x +2x + 4x =0. (12.11)

Thus

Lol oo A 1o 0 1 0o A

2x(t) + 2x(t) + 4x(t‘) = 2x(O) + 2x(O) + 4x(O) . (12.12)
The right-hand side bounds both x and x, so the continuation argument gives a global solution.

The same principle applies to a PDE: if its local theory is constructed in H?, then a time-
independent bound for the H® norm permits the local solution to be restarted and continued
globally.
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12.4 The cubic heat equation

Consider the semilinear equation
ovu = Au + Aud, x € R3, 1(0) = ug. (12.13)
Since 2 > 3/2, the space H?(R®) is an algebra. The iterates
AuD = Ay 4 /\(u(”))B, u™D(0) = uy, (12.14)

therefore converge on a sufficiently short interval when 1y € H2. This proves local existence. To
use continuation at this regularity, one would need an a priori H? bound independent of the
length of the time interval.

12.4.1 Two energy identities

Assume first that the solution is smooth and decays at spatial infinity. A useful general multiplier
ansatz for an evolution equation is

Adiu+B-Vu+Cu.

The coefficients are chosen to produce a favorable energy identity. For (12.13), the first useful
choice is simply the multiplier u.

Multiplying (12.13) by u gives the pointwise identity
at(%uz) = 9;(u diu) — |Vu|*> + Alu|.

After integration over R, the divergence term vanishes and

1d

=l + V(o) = Al =0. (12.15)
In the dissipative case A = —1, integration in time yields
1 2 ' 2 : 4 1 2
SR+ [ 1V ds+ [l ds = ol (12.16)

Multiplying the equation instead by d;u gives
2 Lol o2y n
|Osu|” = 9;(diu dyu) — 4 §|Vu| + Zat(u ).
Consequently, when A = -1,

1 1 !
SV + IOl + [ 10, ds

1 1
= S IVuollzz + 7 lluollys- (12.17)
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Together, (12.16) and (12.17) give, on every finite time interval,
[l < Cllluollen),

IVullz2 < Clluollen),

19sullr2r2 < C[[uollgn)-

Match the local theory to the energy

These estimates do not directly control the H> norm used in the first Picard construction.
They do, however, control H!. This suggests rebuilding the local theory at the energy
regularity and then using the same estimates for global continuation.

12.4.2 Local and global theory in H'

For A = -1, the mild form of (12.13) is
t
u(t) = e®uq —/ elt=90y(5)® ds. (12.18)
0

The one-derivative heat estimate gives

- C
O] T o TN (12.19)
Sobolev embedding in three dimensions implies
22 = [lull}s < CIVull?, < Cllul,- (12.20)
Therefore
lelleqo ey < Cllolli + CTY2 (el o 7 (1221)

The analogous difference estimate makes the mild map a contraction for small T. Thus one has
local existence and uniqueness in H!. The uniform H! estimate above prevents the local norm
from blowing up, and the continuation argument gives a global H! solution.

The energy identities also suggest a weaker compactness construction at energy regularity. By
themselves, however, such estimates do not provide a uniqueness theory; uniqueness here comes
from the mild contraction argument.

12.4.3 Persistence of higher regularity

Suppose now that 1y € H¥(R?) for an integer k > 1. The case k = 2 shows the main point. From
(12.18) and the one-derivative gain,

HON

')
memsCWﬂm+Cﬂ(bﬂW2 (12.22)
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Using H'(R3) — L°(R?),
142 < C (Il + a1Vl
< Cllul|Z, |- (12.23)
The global H I bound thus reduces (12.22) on [0, T] to

t
X(H) < a+b/0 % ds,  X(t) = lu(®)lle, (12.24)

with finite constants a and b depending on the data and T.

For comparison, the ordinary Gronwall inequality begins with

x(t) < a+A/tx(s) ds.
0

Ifz(t)=a+ A fot x(s) ds, then z = Ax < Az, and hence
x(t) < z(t) < ae'. (12.25)

The same proof works with a nonnegative integrable coefficient in place of A: if

x(t) <a+ /t b(s)x(s) ds,
0

then

x(t) < aexp (/t b(s) ds) .
0

To handle (12.24), apply the inequality to itself once. Since

! dr
/s (t = 1)12(r — 5)1/2 =T (12.26)

one obtains an ordinary Gronwall inequality for X. Therefore X stays finite on every bounded
time interval. Repeating the derivative estimate gives persistence of every higher Sobolev
regularity H present in the initial data.

12.5 The cubic wave equation and finite propagation

Consider the defocusing cubic wave equation on R3,
?u — Au+u® = 0. (12.27)
Its energy space is H'! x L2; by comparison, the linear wave equation propagates data in H**! x HF.

Multiplication of (12.27) by d;u gives the local conservation law

1 1 1
&t E|8tu|2 + Equ|2 + ZM‘L - 8i(8iu 8tu) =0. (1228)
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After integration over all of space,
1 2 1 2 14
E(t) := —|diul|” + =|Vu|* + =u*| dx = E(0). (12.29)
Rr3 \2 2 4
The energy does not contain the L2 norm of u. On a finite interval it can be recovered from
t
u(t) = u(0) +/ dsu(s) ds. (12.30)
0

More generally, let m = (m°, m!, m2, m3) be the outward spacetime unit normal to a hypersurface.
g 0/ p yp

The flux associated with (12.28) is
m%e(u) — m'd;u dyu.

When m® > |(m!, m?, m®)| and m® > 0, this expression is nonnegative after completing squares.
The limiting case of equality occurs on a light cone.

Fix xg, a time t > 0, and a radius R > 0, and consider the truncated backward cone
K={(s,x):0<s<t, |x—xo| <R+t—-s}. (12.31)
Its topis T = {t} X Br(xp), its base is B = {0} X Br++(xp), and its lateral boundary is denoted by L.

S

N T at time ¢

m = 2_1/2(]—/ eV)

\4
=

B at time 0

Figure 12.1: A truncated backward light cone. Its lateral normal has equal time and radial
components.

Write

I ST S ST S S
e(u) = 2|8tu| +2|Vu| +4u .

The spacetime divergence theorem applied to (12.28) gives
1
/e(u) dx + / — (e(u) — dyu dyu) dS = / e(u) dx. (12.32)
T LV2 B
On the lateral boundary,

1 1 1
e(u) — dyudiu = §|8tu - dul*+ §|VTM|2 + A_LM4 >0, (12.33)
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where Vru is the angular part of the spatial gradient. It follows that

/ e(u)(t,x) dx < / e(u)(0, x) dx. (12.34)
Br(xo) Bgra+t(x0)

Thus the energy in the top of the cone is controlled entirely by the initial energy in its base. This
is the energy form of finite propagation speed.

12.6 A scalar convection—diffusion model

As a model for the cancellation in the Navier-Stokes nonlinearity, consider the scalar equation on
R2

it — Au = 9, (u?). (12.35)
Multiplication by u gives

1d

SN + V)2, = /R2 1 9 (u?) dx. (12.36)

For decaying functions, the nonlinear term drops out because
2 2 3
udy(u”) dx = = dx(u’) dx = 0. (12.37)
R2 3 R2

Hence ;
1 1
Sl + /0 IV, ds = 3 lluoll. (12:38)

This a priori estimate is the starting point for constructing a global solution from L? data by
approximation and compactness.

12.7 Sobolev interpolation and nonlinear estimates

The nonlinear estimates used above fit into a general interpolation principle. Let u : R S R, let
0<j<kandletl <p,q,r < oco. Suppose «a satisfies

Ui, (1K) lme
r_d+a(p d)+ T Fsasl (12.39)

Then the Gagliardo-Nirenberg interpolation inequality has the form

ID/ullLr < ClID*ull® lulli; (12.40)

As an important example, suppose k > d/p and u € WF?(RY). Set j = 0 and g = p. The
right-hand side of (12.39) is positive at @ = 0 and negative at @ = 1, so one can choose

a:%e(o,l) and r = co.
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Therefore

d/(k 1-d/(k
il < CIDFulE P |7 < g (12.41)

This embedding yields the product and composition estimates needed for nonlinear PDE. For an
integer k > d/p,
luvllwey < Cllullyes [0 llpr, (12.42)

so WE?(R?) is an algebra. In particular, for every positive integer 1,

ID w™)ler < Collull?y s ™ lyir < Conllull - (12.43)

Finally, let F € CN(R) with N > k and F(0) = 0. The chain rule, Hélder’s inequality, and Sobolev
embedding give a composition estimate of the form

VE@ s < Crpue (Itlhyes +lull, ) (12.44)

The constant depends only on the derivatives of F over the bounded range of 1. The condition
F(0) = 0 ensures that F(u) is integrable on the whole space; it is unnecessary on a bounded
spatial domain.

12.8 Problems

Problem 12.1. Letk € N, 1 < p < o0, and k > d/p. For an integer j > 0, write d/u for the family
{Q“u dal=j }, with the corresponding summed LP-norm.

Suppose that F € CN(R,R), N > k, and F(0) = 0. Prove the Sobolev algebra and composition
estimates below. In the last estimate, m := ||u||;~, and the constant may depend on F and m.

(a) For u,v € S(R?) and exponents satisfying

show that

||af(uv)||LP S ”af'””m ollze: + llullpm ”aJ'U”LPz .

(b) Using the interpolation inequality

0 1

Lr/ 9: Sl

ol

oAl = Il

4

|

show that

10" ol < 0¥ ul s Nollien + atllos [[0F0],,

(c) Show that, if u € WEP(R?), then

105 @), < Nuellye, -
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(d) Show by induction that, for every positive integer M,

”uM”W’W 5 ”””%k,p .

(e) Conclude that
Il r < Chm (el + Nuellfye,)-

Solution. For part (a), the product rule followed by Holder’s inequality gives

loj o), < l@uyolly + |l ool < ll9sull oy el + atllie [|950]],p,

For part (b), the Leibniz rule yields

k-1

||8k(uv)||U, S ”3k”||m lollLr> + el ||akaLP2 + Z ”aj””m ”8k_jv||u’z :
=

For 1 < j <k — 1, interpolation bounds the corresponding mixed term by

07 u], ||8_k"' 0|, |
S [loFul Nully ™ kol ol
= (||8k”||m ||v||LP2)]/k(||”||LP1 ”akU”LPz)l_]/k

S ||<9ku||m lo]lp2 + [[ullpm ||<9kU||Lp2 ,

where the final step is Young’s product inequality. Summing over j proves the claim.

For part (c), the Gagliardo-Nirenberg-Sobolev interpolation inequality, with the L*-norm as the
lower-order endpoint, gives

1-j/k

&S, 1< <k

07|y < (10wl 11

Consequently, Holder’s inequality with exponents kp/j and kp/(k — j), followed by Young’s
product inequality, gives

”3k(uv)||m S ||9ku||m ol + llullLe ||<9kv||m :
Taking v = u and using W7 (R?) < L®(R¥) therefore gives

0¥ )|, S 2l |05 ull, S Nullye, -

For part (d), the assertion is immediate when M = 1. Assume it holds with M — 1 in place of M.
Applying the preceding product estimate to u u™~! gives
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o@Dl 0% allyy fle™ e + Ml lo* D],

M
S Nl -

The same calculation for each order 0 < j < k, followed by summation, yields

M|y < Neell, -

For part (e), the scanned solution applies Taylor’s theorem in the form

FED0) 4 N P(k)(éx)xk

F(x)=FQ)x+---+ =) X o

where & lies between 0 and x, and then invokes part (d) term by term to obtain

k
IE@)llwer < Crm(lellyer + luellyyey)-

The displayed Taylor calculation records the argument in the source. Its remainder coefficient
depends on the spatial point after x = u(x) is substituted, so a complete justification of the final
step uses the standard Sobolev composition estimate rather than treating that coefficient as a
constant. |

Problem 12.2. Let f € C}(R,R) satisfy f(0) = 0, and let uy € H!(R). Consider

dru = Pu + f(u), u(0) = up.
(a) Show that e'% : HY(R) — H(R) and

<1

Het¢9§ <
Hl—>H!

(b) Show that, for u € C([0, T], H'(R)),

/ " eli-on? F(u(s))ds € C([0, T], H\(R)).
0

(c) For sufficiently small T > 0, study the iteration

t
() = ety + / I f(un(s)ds,  ud(t) =0,
0

Assume the local Lipschitz estimate stated in the solution. Show that the iteration converges
in C([0, T], H'(R)).

(d) Conclude that the fixed point is the unique mild solution in the class on which that Lipschitz
estimate holds.
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Solution. For part (a), the Fourier transform gives

2 2 Q-2 2, ~
e, = [+ 1epreerime i ag
H1! R
< ol

because 0 < e 8¢ < 1. Here the factor 472 in the heat multiplier follows from the Fourier

convention fixed earlier in the book.

For part (b), let S(t) = e!% and g(s) = f(u(s)). The chain rule, f(0) = 0, and the embedding
HY(R) < L*(R) show that g(s) € H!(R). They also show that ¢ € C([0, T], H}(R)), and hence
that g is bounded there. Define

t
D(u)(t) :/0 S(¢ = 5)g(s)ds.

For h > 0, the semigroup property gives

t+h
[9Gu)E+ 1) = Dl < [ 8+ =) s

t
+/0 (S(h) = DS(t = 5)g(s)|| 3 ds-

The first term tends to zero because g is bounded. The second tends to zero by strong continuity
of the heat semigroup and the dominated convergence theorem. Hence ®(u) € C([0, T], HY).

For part (c), the handwritten argument uses a constant K such that

£ (@) = f@)||;;1 < Kllv = wllm

on a bounded set containing all iterates. With

du(T) := sup [ (t) = u" ()1 ,
0<t<T

the semigroup bound from part (a) gives

t
a1 (6) - 0], < /0 F (") = F@ )]0 dis
< KT sup ||u”(s) - u”_l(s)”H1 .
0

<s<T

Thus d,(T) < KTd,-1(T). Choose T so that KT < 1/4. Since
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do(T) = sup
0<t<T

2
%o < Nuoll

one obtains

dn(T) < 47" ||uollf -

Therefore (1") is Cauchy in the Banach space C([0, T], H 1), and its limit u satisfies

t
u(t) = el%ug + / e=9)% £(u(s)) ds.
0

For part (d), the same contraction estimate shows that two fixed points in the chosen set agree.
Thus the iteration and its geometric difference bound are precisely the contraction-mapping
argument recorded in the source.

The local H!-Lipschitz estimate used in part (c) is not automatic for an arbitrary f € C!(R).
For this particular contraction proof, one needs an additional condition such as local Lipschitz
continuity of f’ (for example, f € C?), or a different existence argument. m]

Problem 12.3. Let S(t) = !/ be the heat semigroup on R?, and let ||S(t)||x_,y denote its operator
norm from X to Y. Establish the following bounds.

(a) Fors e R,

ISCE| s s < 1.
(b) Fork e Nand 1 <p < oo,

IS lwer Swir S 1.

() If1 <p < g < oo, then

_del1_1
IS lpppe S 2077,

(d) For1 < p < oo, show that

”S(t)”LP_)Wmv <1+ t_l/z.

~

In particular, the right-hand side is < t71/2when 0 < t < 1.

Solution. Write

|x[?

Ki(x) = —(47'(t)d/2 exp (_I

), S(Hu = Ky * u.

For part (a),

ISl = [ 1+ lePre s P e P s
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2
< Jlullgs -

For part (b), derivatives commute with convolution, so Young’s inequality and ||K¢|[;1 = 1 give

IS@ullwer S D IKe = ullyy

|al<k
< DU IR 0%l S Nl -
larl<k
For part (c), choose r so that
1 1 1
1+4—=—-+—.
q9 1 P

Young’s inequality and a change of variables yield

ISulles < [IKellpr lulle
-4a- —d1/p—
K|l r = Cgp 720711 = Capgt 3(1/p=1/q)

This proves the claimed LP-L7 estimate.

For part (d), Young’s inequality gives

IS ullwre < (IKellpr + IVEllpr) el
S+ lully

because d;K;(x) = —(x;/(2t))K;(x) and hence ||VK;[|;1 < =12,

These estimates apply, for example, to the semilinear problem

o = Au+u?> onR?, u(0) = up € L*(R?).

Indeed, the bound S(t) : L! — L2 has size Ct~1/2, which is the heat estimate used in a Picard
iteration for this equation. m|

Problem 12.4. Let 1 € H3(R?), and consider the viscous Burgers equation
1
i = Au +udju =Au + Ec%(uz), u(0) = ug.

First establish local well-posedness in C([0, T], H*(R?)). Then:

(a) derive the L?-energy identity;
(b) derive the first-derivative energy identity;
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(c) estimate its cubic term by Sobolev interpolation and Young’s inequality;

(d) deduce a uniform H'-bound;

(e) obtain the corresponding second-derivative estimate and conclude global well-posedness;
(f) explain how the argument propagates higher spatial regularity and time differentiability.

Solution. For local existence, define
tA 1/ (t-s)A 2
D(v)(t) = e Pug + 5/ e d1(v(s)?) ds.
0
The heat-semigroup estimate, followed by the algebra estimate in H3(R?), gives

t

1Pl < llitolli + C /O (t =) 2 [Jo(s?|,pr dis
t

< lluollyp +C /0 (t = ) |fo(s)]|2, ds.

With

0llx, = sup [[v(D)llgs,
0<t<T

this becomes
D), < lluollys + CVT [lo1, -

The analogous difference estimate is

I0(0) - D(w)llx, < CVT (I[ollx, + lwllx,) llo = wllx, -

Thus, for T > 0 sufficiently small, @ is a contraction on a closed ball in C([0, T], H*(R?)). Banach’s
fixed-point theorem gives a unique local solution, and the Duhamel formula shows that it satisfies
both the equation and the initial condition.

For the energy estimates, all integrations below are over R?2. Boundary terms vanish by
approximation from rapidly decaying functions.

(a) Multiplication by u gives

12

1
Bt? = uAu + u?d1u = div(uVu) — [Vul* + §al(u3).

After integration,

1 ! 1
S MO+ [ VeI ds =3 ol
0

(b) Put d;u := dy,u. Differentiating the equation gives
didiu = Adju + (dju)d1u + u dju.
Multiplying by d;u, summing in i, and integrating by parts, we obtain

1d

23 ||Vu||L22 + ||D2u||f2 = / |Vul* dru dx +/uVu -01Vu dx
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= %/qu|281u dx.

Consequently,
2 ~ ||Vu||L2+||D2u||L2 < c/|w| dx.

(c) Holder’s inequality and the two-dimensional Sobolev interpolation inequality give

/|Vu|3 dx < [|Vullp2 [ Vuell s
< ClIVull, [D?u]l,»
< Ip2ulls v
Hence
S IVl + 2 D%l < Cvul.

(d) If Y(t) = [|[Vu(t)|| >, then
Y'(t) < CY(t)%.

Part (a) supplies the additional integral bound

t
1
/ Y(s) ds < 5 lluoll 22 -
0

Writing the differential inequality as Y’ < (CY)Y and applying Gronwall’s inequality yields

t
Y(t) < Y(0) exp(C /0 Y(s) ds) < Y(O)exp(C ||u0||§2).

Thus ||u(t)|| is bounded uniformly in time. Integrating the estimate from part (c) and using
this uniform bound together with part (a) also gives

t
/0 ID2u(s)]) ds < Clup)

for every t > 0.

(e) Differentiate the equation by d;;. Then

8t(9i]'u - Aaz‘]‘u = 81-]-(u81u)
= (ai]‘u)aﬂxl + (aiu)alju + (a]'u)ah‘u +u 311']'1/!.

Multiplication by d;ju, summation in i, j, and integration by parts leave terms bounded by
C / |D2u|2 |[Vu| dx.

Therefore

3 Il 4 [D%ulf < € [ |p2uf (vl ax
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Using Holder’s inequality and, again, the two-dimensional Sobolev interpolation inequality,

/|D2u|2|Vu| dx < |D2ul% [Vull2
< C|ID%ul . [D%u]l . 11Va ]2
1
< 5 [D?ulls + ClID2ullf 1Vullfs

It follows that d
= [IP?ullis + [D2ulls < ClIvulifs [D?ull),

Since ||Vu|| L22 is integrable in time by part (a), Gronwall’s inequality yields

t
D2 ()|, < ||D%u0|| exp(C /0 IVu(s)l 2 ds) < C(up).

Thus the H?-norm cannot blow up in finite time. Repeating the same energy argument for higher
spatial derivatives gives global continuation in H(R?) whenever the corresponding initial norm
is finite.
(f) Time differentiability follows directly from the equation. For j = 0 there is nothing to prove. If
dluecC(o,T), HH(®RY),  €>2]
then ,
9" u = Aju + 5010](u?),

and the product estimates used above give the next level of regularity. This closes the induction.
O

Problem 12.5. Let2 < p < 5,and let u € H'(R3) solve
—Au+u=u? in R.

Show that u € H(R3). If p € {2, 3,4}, bootstrap the equation to prove that u € C®(R3).

Solution. When 2 < p < 3, Sobolev interpolation gives H(R3) < L?’(R3). Hence

p

[Pz = llull),,

< oo,

and elliptic regularity for —A + I yields u € H*(R3).

Now suppose 3 < p < 5. Since u € L, initially u? € L%P. Starting with ry = 6, suppose
inductively that u € L'/ and set q; = rj/p. Aslongas1 < g; < 3/2, elliptic L7/-regularity and
Sobolev embedding give
1 2
ue WHIRY — LmE®Y), — =L 2
ris1  rj 3
If g; > 3/2, the critical or supercritical Sobolev embedding instead gives u € L" for every finite r,
and in particular u € L.
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To see that the iteration reaches this range, write a; = 1/r;. While the displayed recurrence
applies,

g mpai— 2 a2 _fl__2

MEP Ty T3 -n TP \e T 3p-1)
Because p < 5, the quantity in parentheses is negative. Thus after finitely many steps either
qj = 3/2or rj > 2p. Inboth cases u € L?, so u? € L?, and elliptic regularity yields u € H*(R%).

The interpolation calculation recorded in the scan now gives the useful a priori estimate. The

relation
1 _(1_1), . 1-a
2p \6 3 6

gives a = (p — 3)/(2p). Therefore

lullyz < ClluPllyz = Cllull?,,

< cl|p2ull i

-3)/2
< C(Ilullgp) Maell 2.

Because 0 < (p — 3)/2 < 1, this inequality gives an H?-bound. Thus u € H2(R3) throughout the
range2 < p < 5.
Since 2 > 3/2, Sobolev embedding now gives u € L*(R3). Differentiating the equation,
—Adju + d;ju = pup_lﬁiu.
Consequently,
195ull gz < CllpuP"u||» < C||u?™||,« 195lly2 s

so u € H3(R3). For p € {2,3,4}, H*(R?) is an algebra once k > 2. If u € H*, then u” € H¥, and
elliptic regularity gives
lullgrsz < ClluPllge < C(lullge).

Induction yields u € H k(R3) for every k, and hence u € C*(R3). O

Problem 12.6. Consider the wave equation on R?,

(RZ), dru(x,0) = g(x) € L2 (Rz).

loc

8t2u—Au =0, u(x,O):f(x)eH1

loc

Establish existence in the local energy class. Then prove the energy inequality on a truncated
spacetime cone of slope one and use it to show finite propagation and uniqueness.

Solution. Let R denote the forward fundamental solution of the wave operator in R'*2. The
representation
U=0dR+*f+Rxg

gives a solution satisfying

u € C([0,00), H. (R?) N C([0, ), L% (R?)).

loc loc

For the energy estimate, multiply the equation by d;u. Since

0 = dsu(d?u — Au)
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ol |Veul?) <
:at(l t?_”' i 2”' )—Zaj(ajuatu),
j=1

the spacetime vector field

P (|atu|2 + Vol
2

,—0tu qu)

is divergence free.

Let Q) be a truncated cone whose lower disk is B C {t = 0}, whose upper disk is T, and whose
lateral null boundary is K:

B
Here m = (m', m,) is the outward unit normal. The divergence theorem gives

0= m - P dS.
Ele)

OnB,mi=-land my =0;onT, m! =1and m, = 0. Along the lateral boundary K, the cone has
slope one, so

ol + [ Veul
=-m —

P
" 2

_mx 'quatu Z 0,

by Cauchy’s inequality. It follows that

|0sul>  |Vyul? /|atu|2 IVul?
< .
/T( 5 + 5 dST_ . 5 + 5 dSB

Thus vanishing Cauchy data on B force the solution to vanish on every later section T of the cone.
This is finite propagation with speed one.

Finally, if u; and u are two local-energy solutions with the same initial data, their difference
W = Uy — Uy has
wlp=0,  dwlp=0.

The cone inequality gives zero energy on every later section. Hence d;w = 0 and V,w = 0 there;
together with the zero trace on B, this implies w = 0. Therefore the solution is unique in

C([0, ), H} (R?)) N C'([0, o), L2 (R?)).

loc loc
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Energy Estimates, Nonlinear Iteration,
and Hyperbolic Uniqueness

The opening roadmap for this lecture lists energy estimates, hyperbolic equations, uniqueness,
and potential theory. The surviving pages develop the first three themes: how an a priori estimate
controls an iteration, how to repair derivative loss, and how uniqueness follows either from
energy or from analytic duality. No potential-theory calculation follows in this scan.

13.1 What a nonlinear energy inequality gives

A useful estimate is not merely an inequality: its shape must force the unknown quantity to
remain in a bounded region. Let X > 0 denote an energy or a space-time norm.

13.1.1 A superlinear error term

Suppose that ‘
X<CX"™+A, C>0, 6>0. (13.1)

Equivalently,
h(X):= X -CX™0 < A.
The graph of & first rises and then tends to —co. Its unique positive maximum occurs at

X, = (C(1+8)7",

If A lies below h(X.), then the equation #(X) = A has a small root and a large root. Inequality
(13.1) alone allows both branches, so the large branch is useless. If, however, X = X(T) depends
continuously on time, begins on the small branch, and the estimate holds for every intermediate
time, then X(T) cannot cross the forbidden interval between the two roots. This is the mechanism
behind a local estimate.

132
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(useful)

large branch~
(uncontrolled)

For example, an energy may have the form

E(T) = /OT/R|8xu(x,t)|2 dx dt, E(0) = 0.

An estimate schematically resembling
lu(D)Il < A+ Tlullf,

keeps the solution on the good branch when T is sufficiently small. Small A, small C, or a small
time factor in front of the nonlinear term can all produce this situation. Large A or large C need
not give any bound.

The model inequality
X < A+TX? (13.2)

makes the bootstrap explicit. Assume temporarily that X <2A. If T < 1/(4A), then

A+TX? < A+4TA? < 2A.

The strict improvement closes the assumption by continuity and gives X < 2A on the chosen
time interval.

13.1.2 A sublinear error term

Now suppose
X <CX'70 + A. (13.3)

For every 6 > 0, the nonlinear term grows more slowly than X for large X. Indeed, if X > (2C)'/?,
then CX'~% < X/2, and hence
X < max {(2C)"/?,24}. (13.4)

Unlike the superlinear estimate, this gives a global bound without choosing a small time. At the
endpoint 6 = 0, one instead needs C < 1, in which case X < A/(1 - C).
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X — Cx1-o

the linear term wins
for large X

13.2 A priori bounds for a semilinear heat equation

Consider the Cauchy problem on the line

oy = Qiu + f(u), u(0) = up € H'(R). (13.5)
Assume f € C1(R) and f(0) = 0. The latter condition ensures that f(u) can belong to L%(R) when
u € HY(R). The Duhamel iteration is

u™ () = ePug + /t =92 £ (u(s)) ds. (13.6)
0

An a priori estimate first gives a uniform bound for the sequence; a separate estimate must then
give contraction.

For T > 0, set

lullr := sup |[u(®)llg ).
0<t<T

The heat semigroup is bounded on H!, so

t
" ()l < Nuollpn +/O [FICAE)][ e (13.7)

In one dimension, H'(R) < L®(R). If ||u||;~ < M, then the mean-value theorem and the chain
rule give

£ @)l < Cumllullrz, (13.8)
19x(f ()llr2 = Il f'(u)dxull2 < Camlldxuellr2, (13.9)

where Cy = sup, .y |f/(z)|. The model example in the notes is f(u) = u?, for which
()] < NlullFel ).
Thus (13.7) yields the schematic estimate
lu™lr < A+ TCpmp lu"llr, A= lluolly, (13.10)

where the Sobolev-embedding constant is absorbed into Cg.
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The dependence of Cr on the unknown norm makes this estimate circular unless it is used as a
bootstrap. Assume ||u"||r < 10A and choose T so that

9
< —_—
1C10A _60< 10

Then
lu™Yr < A +1050A < 10A.

Starting with an iterate in this ball, induction gives the uniform a priori bound
|lulr <104  (n >1). (13.11)

This is the iteration version of the small-branch argument.

13.3 Contraction and the loss of a derivative

Subtracting two consecutive Duhamel iterates gives
™ = ulr < T||f(u") - f(u”_l)HC([O,T];Hl). (13.12)
The L? part on the right is controlled by the mean-value theorem. For the derivative part, however,
I (f(u™) = f(u"™)
— fr(un)(axun _ axun—l) + (f/(un) _ fr(un—l))axun—l‘

The first term is bounded on the uniform ball (13.11). A linear bound for the second term would
require f’ to be locally Lipschitz; the hypothesis f € C! alone does not provide it. A direct H!
contraction therefore asks for more regularity than the a priori estimate.

The heat flow repairs the derivative loss by gaining one derivative at the cost of a time singularity:

C
||e(t—s)Ag||H1 < — lgll2, O<t-s<1. (13.13)

On the bounded iteration ball, f is Lipschitz, so

") = f" DIz < Croallu” = u"lpa.

Using (13.13) directly in the Duhamel formula gives

t
ds
|u"* — u"||r < CCypa su llu" —u" Ml
Osth 0 Vi-s
< 2CC10aVT ||lu" = u™ 7. (13.14)

Taking T smaller once more makes the last factor less than one. This proves contraction without
assuming that f’ is Lipschitz.

There is a second useful strategy: keep the sequence uniformly bounded in the strong norm H!,
but prove contraction only in the weaker norm L?. Since the heat semigroup is an L? contraction,

n+1

" = u"lleqo,rprz) < TCroallu” — 1" Hleqo,rpr2)- (13.15)

Thus one obtains boundedness in the strongest available norm and convergence in a weaker
norm.
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13.4 Quasilinear iteration and an elliptic change of variable

The same issue appears when the nonlinearity contains derivatives, for example
diu = IPu + f(Iyu). (13.16)

For a quasilinear wave equation, energy estimates replace heat smoothing. A model from the
notes is

?u — 9y

(1 + %cos u) 3xu] =0. (13.17)

Because 1 + 3 cosu > 3, the frozen-coefficient problem remains strictly hyperbolic. One may
iterate by solving

2. n+l
(9t1/l _(9)(

1
(1 + 5 cos u”) 8xu”+1] =0, (13.18)
and obtain an a priori bound by the same integration-by-parts calculation used for the linear
wave equation.
The derivative difficulty is more severe for the fully nonlinear example
Pu — Pu + e(d2u)” = 0. (13.19)
Differentiation in x gives
9102 u — Au +2¢(2u)(d3u) = 0. (13.20)
Freezing one factor suggests the formal Newton-Picard equation
9x?u™ — B 1 26(Pu")Bu"! = 0. (13.21)

Its leading coefficient contains d2u". But controlling (13.20) first controls dyu, and differentiation
is not invertible: it loses the constant mode.

The remedy in the notes is to use an invertible elliptic operator. Set
v=~10-)u, u= (-2 "o (13.22)

With the Fourier normalization used in this book, the multiplier of I — 8§ onRis1+4m12&2, so its
inverse is well defined on Sobolev spaces and gains two derivatives. Applying I — 9?2 to (13.19),

and using
Itu = u - d*v,

gives the exact transformed equation
9?0 — 20 + 2e(2u)d2v = e(2u)* + 2e(Su)?. (13.23)
Consequently, an iteration may freeze u = (I — 92)~!v at the previous step:
20" — 220" 4 26 (2u") 20"
= e(Q2u")? +2e(Pu™)?. (13.24)

Provided 1 — 2¢d%u" stays uniformly positive, this is a variable-coefficient hyperbolic equation
for v"*1. Energy estimates for v therefore produce a priori control in a high Sobolev norm, while
the elliptic inverse recovers u without losing information.
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13.5 Uniqueness through the adjoint equation

Energy is not the only route to uniqueness. Let L be a linear differential operator of order m
with real-analytic coefficients, and let the analytic hypersurface B be non-characteristic for L.
The Cauchy-Kowalevski theorem gives a unique analytic solution for analytic Cauchy data.
Holmgren'’s theorem strengthens this conclusion to weak solutions. In its distributional form, a
solution that vanishes on one side of B must vanish near B; in a class where the Cauchy traces
are defined, this gives local uniqueness for zero Cauchy data.

For an order-m equation, the Cauchy problem prescribes the normal jet
9£u|B=f]-, j=0,...,m-1.
The model in the notes is
?u —a(x, t)%u =0, a(x,t)y =1+ %cos(x2 +12). (13.25)

Here  is real analytic and a > 3, so the surface t = 0 is non-characteristic. Analytic Cauchy data
give a local analytic solution by Cauchy-Kowalevski; Holmgren uniqueness shows that a second
weak solution with the same Cauchy data must agree with it locally.

The argument in the notes is a duality argument. Suppose 11 and u; are solutions of the same
Cauchy problem, with u; analytic and u; only in a weak class such as Hlloc. Their difference

u=u —uy

satisfies Lu = 0 and has zero Cauchy data on B.

Let Q be a thin region between B and a nearby top hypersurface T. Green’s formula has the form

/Q(Lu)cp dx dt :/QuL*qb dx dt+/BBB(u,q5)+/TBT(u,¢), (13.26)

after localization removes lateral boundary terms. The zero Cauchy data for u annihilate the
term on B.

Choose ¢ by solving the backward adjoint Cauchy problem
L'¢p =1, 8£¢|T =0, j=0,....m-1, (13.27)

where 1 is analytic. Since T is non-characteristic, the Cauchy—Kowalevski theorem solves this
problem in a sufficiently thin region; the thickness is limited by the radius of convergence of the
analytic solution. The terminal data in (13.27) annihilate the term on T. Hence

Oz/Q(Lu)qb:/Qulp.

The localized analytic duality argument then gives u = 0 near B. This is the mechanism behind
Holmgren uniqueness for non-analytic solutions.
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adjoint existence is limited by analytic convergence

: Lo

| e

13.6 Symmetric hyperbolic systems

Many higher-order hyperbolic equations can be rewritten as first-order systems. After normalizing
the positive time matrix, a symmetric hyperbolic system has the form

d
At — ZAJ’(x, Hoju=0, (A)T =Al (13.28)
j=1

Assume that u is compactly supported in space, or decays sufficiently fast that no boundary term
remains. Symmetry gives

/Rd (Ajaju,u> dx = _/Rd (u,A]Bju) dx _/Rd <(8]-Af)u,u> dx

1

= /R {(0ATu, ) dx. (13.29)

Taking the L? inner product of (13.28) with u therefore yields

d 1 2 2
< . .

Gronwall’s inequality gives the energy estimate. Differentiating the system and repeating the
same calculation gives higher-order estimates.

13.6.1 Characteristic hypersurfaces

Let ¢(x, t) = c define a hypersurface, with conormal (d;¢, Vx¢). For (13.28), it is characteristic
when

d
det| (1) - Y Ald;p | =0. (13.31)
j=1

Equivalently, with dual variables 7 and ¢&,

d
det| 71 - ZA]Ej = 0. (13.32)
j=1

For each (x, t, &), the matrix ) i AlE j is symmetric. Hence its eigenvalues, the characteristic roots
T = ok(x, t, &), are real. Because the symbol is linear in &, these roots are positively homogeneous
of degree one in &. This real characteristic geometry is the algebraic signature of a symmetric
hyperbolic system.
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13.7 Problems

Problem 13.1 (A quasilinear wave equation). Let 2 € C*(R) satisfy
a’(s) > 1 (s €R),

and consider
Oru — dx(a(dxu)) =0 on [0, T] x R.

(a) Determine the type of the equation.
(b) For asmooth solution with sufficient decay at spatial infinity, derive the spatially differentiated
energy estimate suggested by the equation.
(c) Consider the iteration
Optt™ — 2’ (9 ™)y ut™ 1 =0,

with common initial data. Under uniform bounds on the iterates sufficient for the energy
calculation, show that the iteration is a contraction for sufficiently small T.

Solution. Since
Jx (a(axu)) = al(axu)axxuz

the equation is
oyt — a’(dyu)dyxu = 0.

(@) The characteristic equation is
(9¢$)* — a’(9xu)(dxp)* =0,

or
drp = ++Ja’(dxu) dx .

Because a’(dyu) > 1, the two characteristic roots are real and distinct. Thus the equation is
strictly hyperbolic.
(b) Put
b =a’(dyu), fr = o, gk = o5y,

Differentiating the equation k times in x gives
9 fr — bdr gk = [9%, b]0rrut.

Multiplication by fi yields the pointwise identity

1 1 1
o317+ 3082 - n(bsig) = 3@ - @ub gy
+ fil 9%, b]osxu.

Integrating over R makes the flux term vanish. Therefore, with

Ei(t) = %/R(|8§8tu|2+a’(8xu)|8,'§+1u|2) dx,



140

Chapter 13. Nonlinear Iteration and Hyperbolicity

(©

one obtains

d _ 1 ” k+1
aEk(t)_/R{Ea (D)t [0

— 0" (0 14) Ay 1 (3X 04 1) (X )
+ (K)o, a'(axu)]axxu} dx.

|2

The mean-value theorem, the Sobolev embedding H'(R) < L*(R), and the usual product
estimates then give the schematic bound written in the calculation,

S Cllogull e PUIOx il g, |91l ),

d
—E
‘ T k(t)

for a polynomial P determined by k and by derivatives of a on the range of d,u. Since a’ > 1,
Ej controls ||8,’§8tu||iz + ||8§+1u||i2.
Define

w" = u" —y", by =a’(dxu").

Subtracting two consecutive iteration equations gives
Ipw" — by dew" = (bn - bn—l)axxun-

With .
&nt) =5 [ (120" P+ bl ) dx,
R

the same calculation as above gives
d 1 ni2 n n
&0 = [ (5@ 00" = @b @0 00"
dt r (2
+ (bn - bn_l)axxunatwn} dx.
If the iterates obey the uniform bounds used in the handwritten estimate, the mean-value

theorem gives
|bn - bn—ll S C |aan_1

7

and hence d
a(C;n(;f) <C&,()+C ||8an_1(t)||i2 :

The differences have zero initial data. Since b, > 1, integration in time and Gronwall’s
inequality imply

_ 2
sup (1" (Ol% + 195" ()I2) < CTeT sup [|oa™ (0]
0<t<T 0<t<T

Choosing T so that C TeCT < 1 makes the iteration a contraction. Thus (d;u", dyu’™) converges
in C([0, T]; L3(R) x L?(R)), and the limit solves the equation in the corresponding energy
class.
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The function itself can be recovered from the common initial value by

u(t) = u(0) + /Ot dsu(s)ds.

If one additionally knows that dyu(t) € L'(R) and that u(t,x) — 0 as x — —co, then one
may instead write

u(t,x):/ o u(t,s)ds.
m|

Problem 13.2 (Characteristic cones for the wave equation). Determine the characteristic equation
for the wave operator on R; X R4 and identify the characteristic hypersurfaces through (0, xo).

Solution. A hypersurface ¢(t,x) = 0 is characteristic when

d
@ep) = > (O, ).
i=1

The characteristic hypersurfaces through (0, xo) are the two sheets of the light cone,

t:i|x—x0|.

Problem 13.3 (Characteristics for a Hamilton—Jacobi equation). For
diu = H(x,Vu), x €RY,

derive the characteristic system for x and p = Vu.

Solution. Set ¢ = Vu. Differentiating the equation gives

drp = ViH(x, §) + Dy V,H(x, $).

Along a characteristic x = x(t), put p(t) = ¢(t, x(t)). Choosing the curve so that the terms
containing D¢ cancel gives

d
% = —VpH(x,p), P V. H(x,p).

dr




References

The following books were used as references in preparing these notes. The entries record the
editions or printings consulted.

[1] Lawrence C. Evans, Partial Differential Equations, 1st ed., Graduate Studies in Mathematics,
vol. 19, American Mathematical Society, Providence, RI, 1998.

[2] Gerald B. Folland, Introduction to Partial Differential Equations, 2nd ed., Princeton University
Press, Princeton, NJ, 1995.

[3] Jiirgen Jost, Partial Differential Equations, 1st ed., Graduate Texts in Mathematics, vol. 214,
Springer-Verlag, New York, 2002.

[4] Jeffrey Rauch, Partial Differential Equations, Graduate Texts in Mathematics, vol. 128,
Springer-Verlag, New York, 1991; corrected 2nd printing, 1997.

142



	Acknowledgements
	Characteristics and the Cauchy Problem
	First-order equations and characteristic curves
	The ODE result behind the characteristic method
	Second-order equations and Cauchy data
	Characteristic hypersurfaces in several variables
	The Cauchy–Kowalevski theorem

	Cauchy Problems, Principal Symbols, and Harmonic Functions
	Ordinary differential equations as a model
	The Cauchy problem for a PDE
	Characteristic and noncharacteristic data
	Linear operators and the principal symbol
	The Laplacian and harmonic functions
	Polar coordinates and radial harmonic functions
	The mean-value property

	Mean-Value Methods and Singular Integrals
	The mean-value property and its consequences
	The fundamental solution of the Laplacian
	Principal values and cancellation
	Hölder spaces and singular integral operators
	Regularity of the signed Newtonian potential
	Problems

	Green Functions and Distributions
	Green's representation for harmonic functions
	Why the Cauchy problem for the Laplacian is ill posed
	Test functions and weak equations
	Distributions
	Differentiation of distributions
	Multiplication and elementary distributional equations
	Tempered distributions
	Problems

	Sobolev Spaces, Fourier Analysis, and Elliptic Regularity
	Sobolev spaces
	The critical Sobolev exponent
	Schwartz functions and tempered distributions
	Fourier-defined Sobolev spaces
	Applications to elliptic equations
	Problems

	Poincaré Inequalities, Compactness, and Weak Elliptic Problems
	Sobolev functions on bounded domains
	Zero boundary values and traces
	Compact Sobolev embeddings
	Poincaré inequalities
	The Lax–Milgram theorem
	Weak solutions of elliptic boundary-value problems

	Caccioppoli Estimates and Elliptic Boundary Regularity
	Weak equations and the natural test space
	The Caccioppoli inequality
	Interior regularity by difference quotients
	Regularity up to the boundary
	The homogeneous Neumann problem
	Review checklist

	Boundary Conditions and Fredholm Theory
	From a coercive form back to the boundary-value problem
	Fourth-order equations and boundary traces
	The bilinear form for the biharmonic equation
	Natural Neumann and Robin conditions
	The pure Neumann problem and the zero-mean space
	The Fredholm alternative
	Further Elliptic Theory
	Problems

	Rellich Compactness and Evolution
	From elliptic operators to evolution equations
	Rellich compactness
	Self-adjoint elliptic operators
	Abstract evolution and the resolvent
	Bounded domains versus the whole space
	The Dirichlet heat equation on an interval
	The heat semigroup
	The Schrödinger group and loss of smoothing

	Fourier Methods for Evolution Equations
	Evolution equations on Euclidean space
	The Picard-iteration model
	The heat equation
	The Schrödinger equation
	The wave equation
	A heat equation with a potential
	Problems

	Semilinear Heat Equations
	Two questions for an evolution equation
	Duhamel's formula and heat-flow smoothing
	Local existence for the gradient equation
	Continuation and global existence
	The cubic semilinear heat equation
	The multiplier method and a priori estimates
	Lowering the local theory to H1
	Gronwall's inequality and propagation of regularity

	Nonlinear Evolution Equations
	Local theory and global continuation
	A derivative nonlinearity
	Continuation and a finite-dimensional model
	The cubic heat equation
	The cubic wave equation and finite propagation
	A scalar convection–diffusion model
	Sobolev interpolation and nonlinear estimates
	Problems

	Nonlinear Iteration and Hyperbolicity
	What a nonlinear energy inequality gives
	A priori bounds for a semilinear heat equation
	Contraction and the loss of a derivative
	Quasilinear iteration and an elliptic change of variable
	Uniqueness through the adjoint equation
	Symmetric hyperbolic systems
	Problems

	References

